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Abstract. We prove a Hitchin-Kobayashi correspondence for affine vortices gen- 
eralizing a result of Jaffe-Taubes [16] for the action of the circle on the affine line. 
Namely, suppose a compact Lie group K has a Hamiltonian action on a Kahler 
manifold X which is either compact or a vector space with a linear convex action 
of K, and so that stable=semistable for the action of the complexified Lie group 
G. Then, for some sufficiently divisible integer n, there is a bijection between 
gauge equivalence classes of if-vortices with target X modulo gauge and isomor- 
phism classes of maps from the weighted projective line P(l, n) to X/G that map 
the stacky point at infinity P(n) to the semistable locus in X. The results allow 
the construction and partial computation of the quantum Kirwan map in Wood- 
ward [32] , and play a role in the conjectures of Dimofte, Gukov, and Hollands [9] 
relating vortex counts to knot invariants. 
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1. Introduction 

In 1980, Jaffe-Taubes [16] provided a classification of finite energy vortices with 
circle group K = U(l) and target X = C. In this paper we generalize their classifi- 
cation to arbitrary compact Lie groups K and fiber bundles whose fiber X is either 
a compact Kahler manifold or a finite dimensional complex vector space. That is, 
we classify affine vortices with target X, these are pairs (^4, u) where A is the con- 
nection on the principal bundle P = C x K, and u : C — > P(X) := (P x X)/K is a 
holomorphic section, such that (A, u) satisfies the vortex equation: 

(1) *Fa + = 0. 

l 
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Here Fa is the curvature of A, $ : X — > t v is the moment map on X for the 
if-action, and * is the Hodge star for the standard metric on C. 

Jaffe-Taubes [16] show that the gauge-equivalence class of a finite energy vortex 
is completely determined by the zeros of the section it, so that the moduli space 
of finite energy vortices is a symmetric product. This is a holomorphic descrip- 
tion of the space of vortices with target C which from a more modern perspective 
may be viewed as a Hitchin-Kobayashi correspondence. Roughly speaking the cor- 
respondence takes a gauge-theoretic functional such as the Yang-Mills functional 
and shows that minima correspond to stable orbits. The first example of such a 
correspondence by Narasimhan and Seshadri [22] shows that stable holomorphic 
bundles over a Riemann surface correspond to irreducible unitary representations of 
the fundamental group. Donaldson [10] reproves the Narasimhan-Seshadri theorem 
in a differential-geometric setting, replacing irreducible unitary representations by 
an equivalent object - the minima of the Yang-Mills functional. The extension of 
this result to higher dimensional base manifold involved replacing a Yang- Mills con- 
nection by a Hermitian-Einstein connection. A holomorphic vector bundle admits a 
Hermitian-Einstein connection if and only if it is stable - this was proved for Kahler 
surfaces in [11] and for general compact Kahler manifolds by [27]. 

In the case of vortices one is interested in the study of holomorphic vector bun- 
dles over compact Kahler manifolds with additional data, for example a prescribed 
holomorphic section. Vortices are the zeros of the vortex functional given by the 
norm-square of (1). The zeros of the vortex functional correspond to minima of the 
Yang-Mills-Higgs functional - also called the energy functional for gauged holomor- 
phic pairs. Bradlow's paper defines a stability condition for such objects and relates 
it to the existence of zeros of the vortex functional. Results in Bradlow [4] are used 
to investigate the moduli space of finite energy vortices in [5] , [2] and [3] . In case of 
line bundles, [3] provides a complete description, which is a version of [16] in the case 
when the base when is a compact Kahler manifold. [21] generalized [4] by allowing 
the fiber to be a Kahler Hamiltonian manifold. All these Hitchin-Kobayashi results 
are infinite-dimensional versions of the abstract setting laid out in Kempf-Ness [17] 
and Kirwan [18], the main idea being that the symplectic quotient coincides with 
the geometric invariant theory quotient. 

Our main result is the following. Recall that if C is a complex curve, then by 
a definition of Deligne-Mumford the category of morphisms from C to the quotient 
stack X/ G is the category of pairs of a principal G-bundle over C together with a 
section of the associated fiber bundle P XqX. It contains as a proper open substack 
the git quotient X//G, here defined as the stack-theoretic quotient of the semistable 
locus by the action of G. 

Theorem 1.1. (Classification of affine vortices) Let X,G,K be as above, and let 
X/G denote the quotient stack. Let n be a positive integer such that for any x € X ss , 
the order of the stabilizer group \G X \ divides n. Then there exists a bisection between 
gauge equivalence classes of affine K -vortices with target X, and isomorphism classes 
of morphisms from P(l,n) to X/G such that F(n) maps to XjjG. 
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A statement of the result which does not use stack language is given in Theorem 
2.10 below. In the case that G is a torus acting on a finite dimensional complex 
vector space X, bundles on P(l,n) and sections of the associated vector bundle can 
be classified explicitly: 

Corollary 1.2. (Classification of affine vortices in the toric case) Suppose that 
G is a torus acting on a finite dimensional complex vector space X with weights 
fix, • • • ) fJ>k contained in an open half space, and spanning g v . Then there is a bijection 
between affine vortices and isomorphism classes of tuples of polynomial maps u = 
(ux, . . . , Ufc) : C — > X satisfying 

(a) the degree of Uj is at most (fj,j, d) for each j = 1, . . . , k; and 



denotes the vector of leading order coefficients ((fij,d)-th derivatives) with 
integer exponents, then u(oo) £ X ss . 

Two such tuples are isomorphic if they are related by the action of G. 

Example 1.3. (a) (Jaffe-Taubes classification) If X = C with /ii = 1, then affine 
vortices of class d correspond to polynomials of degree exactly d up to the 
action of scalar multiplication, hence classified by their zeroes. This recovers 
the Jaffe-Taubes [16] result, 
(b) (Matrix- valued vortices and quot schemes) If X = M n (C), the space of n x n 
matrices and G = GL n , the semistable locus consists of invertible matrices 
and the action on the semistable locus is free. The above theorem gives a 
classification of vortices according to the following data: By Grothendieck's 
theorem [15], any vector bundle on P 1 splits as a sum of line bundles 



The associated X bundle is then P(X) = C P i(Ai)® n ... C P i(A n )® n . 
A section u of P(X) may be viewed as a matrix-valued function on C. The 
semist ability condition at infinity is then the condition that the leading order 
terms of u form an invertible matrix. Thus u defines a morphism of sheaves 
which is generically an isomorphism, providing a connection to the quot 
schemes considered in [1]. 

A recent paper of Xu [33] complements our work. It proves similar results as 
this paper for i7(l)- vortices with fiber X = C m using results of [4]. It also shows 
a correspondence between compactifications of the space of affine vortices modulo 
gauge on the one side and the space of gauged holomorphic maps over P , that are 
semistable at oo. 

The correspondence described here is partly motivated by a certain quantization 
of the Kirwan map that arises in the study of Gromov-Witten invariants of geo- 
metric invariant theory quotients. Namely Kirwan [18] constructs a map from the 



(b) 




P x G L n ( C ) C n O p i(Ai) © ... C P i(A n ), Ai > . . . > A n . 
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equivariant cohomology Hq(X, Q) to the cohomology of the quotient H(X//G,Q). 
A Gromov-Witten generalization of [18] called the quantum Kirwan map, suggested 
by Gaio-Salamon [13], maps the equivariant quantum cohomology of X to the quan- 
tum cohomology of the quotient X//G. Affine vortices come up here: the quantum 
Kirwan is defined by counting affine vortices on X. The work of the second author 
[23], [32] generalizes the manifolds for which this map is defined - it removes mono- 
tonicity and asphericity assumptions on X. Also, the group action can have finite 
stabilizers on the zero-level set of the moment map, i.e. the symplectic quotient is 
an orbifold. This paper is part of that project. It provides an algebraic description 
for the moduli space of vortices, and from there, the quantum Kirwan map can be 
defined using Behrend-Fantechi machinery. A very important result in this context 
is a compactification for the space of affine vortices modulo gauge proved by Ziltener 
([34], [35]). 

An additional recent motivation arises from knot-invariants via vortex counting 
conjectures of Dimofte, Gukov, and Hollands [9], in which the equivariant index 
(defined via localization) of the moduli space of affine vortices is conjectured to be 
a certain knot invariant. Our results allow the identification of the moduli space of 
affine vortices with the quasimap spaces discussed in, for example, Bertram, Ciocan- 
Fontanine, and Kim [1]. The space of matrix- valued vortices in Example 1.3 appear 
as the relevant space of vortices for a torus knot in the vortex counting conjectures 
of Dimofte, Gukov, and Hollands [9]. 

The proof of the main result Theorem 1.1 uses the Hitchin-Kobayashi result for 
vortices on a compact base manifold with boundary proved by the first author [29], 
along with an implicit function argument outside a compact set. We may then 
use the method of exhaustion, solving the vortex equation on a succession of balls 
of increasing radius, to obtain a solution on the whole plane. Doing so involves a 
number of complications, such as that the sequence of solutions on the balls converges 
without bubbling. 

We briefly sketch the contents of the paper. Section 2 defines gauged holomorphic 
maps and extends the definitions to the case when the base manifold X is an orbifold 
P(l, n). Section 3 introduces stacks and explains how gauged holomorphic maps can 
be seen as maps between stacks. Section 4 extends the Hitchin-Kobayashi result 
for compact Riemann surface with boundary in [29] to the case when the target is 
non-compact. The rest of the sections prove the main theorem. 

Acknowledgments: The first author wishes to thank Fabian Ziltener for useful 
discussions. 



2. Background and statement of results 

Let G be a complex reductive Lie group, so it is the complexification of a maximal 
compact subgroup K. Let £ be a Riemann surface and P — > S a principal X-bundle. 
Let (X, oj) be a Kahler manifold on which G acts holomorphically. 
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Definition 2.1. (a) (Hamiltonian actions) A moment map is a if-equivariant 
map <& such that l(£x)^ = d(<I>,£), V£ G t, where £x £ Vect(X) given by 
the infinitesimal action of £ on X. The action of K is Hamiltonian if there 
exists a moment map $ : X — > t* . Since K is compact, t has an Ad-invariant 
metric. We fix such a metric and t* and so the moment map becomes a map 
<3? : X — ?> t. We assume X is equipped with a Hamiltonian action and fix the 
moment map. 

(b) (Geometric invariant theory quotients) If X is a polarized projective G- 
variety, the geometric invariant theory quotient is X ss / ~ where X ss is the 
semi-stable locus and ~ is the orbit closure relation. We assume that the 
G '-action on X ss has finite stabilizers. So, X//G is the orbit space of X ss . 
From Kempf-Ness [17] and Kirwan [18], the git quotient X//G is homeomor- 
phic to the symplectic quotient X//K := <&~ 1 (0)/K. The stable=semistable 
guarantees that the K action on $~ 1 (0) has finite stabilizers, and that 
X ss = G$ _1 (0). The results in this work apply to compact Kahler man- 
ifolds, in these cases, abusing notation, we define X ss = G<I ) ~ 1 (0). 

(c) (Affine space of connections) Let (E,j) be a Riemann surface and P — s> 
£ a principal if-bundle over it. In this paper, we mostly don't encounter 
closed Riemann surfaces, so we may assume that P = £ x K. The space of 
connections is then the affine space 

A(P) + 

On any bundle over £, where the fiber has a if-action, a connection A = d+a 
defines a covariant derivative d^- For example on the bundle Sxl, 

d A := u ^ du + a u € O^E, u*TX). 

At a point x € £, a u (x) is the infinitesimal action of a(x) at u(x). The 
curvature of a connection A = d + a is 

F A := da + [a A a}/2 € ft 2 (£, *). 

The curvature varies with the connection as 

t 2 

FA+ta = Fa + td A a + — [a A a] . 

(d) (Gauge transformations) A gauge transformation is an automorphism of P - 
it is an equivariant bundle map P — > P. The group of gauge transformations 
on P is denoted IC(P). On the trivial bundle £ x K, k 6 K-(P) is a map 
A; : £ — >■ if. It acts on a connection A = d + a as 

= d+(dkk~ l + Ad k a). 

Differentiating, we see that the infinitesimal action of £ : £ — > t on A is 

(e) (Complex gauge transformations) The complexified gauge group Q{P) consists 
of sections g : £ — s> P x^- G. Recall that 



(2) 



.FT x t G, (fc, s) i-> fee 1 
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is an isomorphism. So, a complex gauge transformation g can be written as 
g = ke%, where k G /C(P) and £ G Lie(/C(P)) = T(P(t)). 

Remark 2.2. (Action of complex gauge transformations on connections) The action 
of IC(P) on the space of connections extends to an action of G(P)- To see this, we 
assume for the time being that K = U (n) for some n. Consider the vector bundle 
E = P Xj/( n ) C n equipped with the Hermitian metric induced by the invariant 
Hermitian metric on C n . Let C(E) denote the space of complex structures on E. 
Given a connection A G A(P), let 8a '■= tt ' 1 °cZa- Since the base manifold £ is two- 
dimensional, 8^ = and so 8a determines a complex structure on E. Conversely, 
given a holomorphic structure on E, there is a unique connection compatible with 
that and the Hermitian metric (see [14]). This shows that there is a bijection between 
A(P) and C(E). Now, suppose K C U(n) for some n. Infinitesimally, this gives an 
isomorphism 

T A A = Q 1 (S,t) -^r c C = 0°' 1 (S,fl), a^a ' 1 . 

The complex structure on C pulls back to a complex structure on A given by J A a = 
a ° is = *«■ The action of the complexified gauge group on C pulls back to one on 
A. For any £ G £(P), the infinitesimal action of on A is — * d^C- Now consider 
a general compact Lie group K. For some n, there is an injection K C U{n). The 
fT-connections can be seen as a subspace of the [/(n)-connections. The action of 
G(P) preserves fT-connections, because for ^ G t(-P), the infinitesimal action of i£ 
on A is o\aC ° is which is in il 1 (S, t). 

A connection A determines a holomorphic structure on any associated bundle of 
P, whose fiber is a complex manifold. One such example is P{X) = P X. Let 
us call this complex structure 8a- 

Definition 2.3. (a) (Gauged holomorphic maps) A gauged holomorphic map 
(A, u) from P to X consists of a connection A and a section u of P(X) that 
is holomorphic with respect to 8a- The space of gauged holomorphic maps 
from P to X is called H(P,X). 

(b) (Symplectic vortices) A symplectic vortex is a gauged holomorphic map that 
satisfies 

*F A + = 0. 

(c) (Energy) G Q 2 (E), determining a metric on S. The energy of a gauged 
holomorphic map (^4, u) is 

:= I {\F A \ 2 + \& A u\ 2 + \$ ou\ 2 )uv. 
is 

In the literature, the energy map E is also called the Yang-Mills-Higgs func- 
tional. For E = C, finite energy symplectic vortices have good asymptotic 
properties (see [13] section 11, [35]). 

Remark 2.4. (Holomorphicity condition in the case of a trivial bundle) When P is 
the trivial bundle £ x K, the section u is a map u : £ — > A. The formula for the 
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covariant derivative on P(X) becomes 

<\au = du + a u G u*TX). 

Here A = d + a and a u is the infinitesimal action of a on it - i.e. for any x € X, 
a u (x) = a(x) n(x ). Then, 

The complexified gauge group acts on H(P,X) pairwise: 

g : (A, it) i-> (5(A), 5") = (GT^A,^). 
It can be verified that this action preserves holomorphicity (see [29]). 

The following observation will be useful. 

Remark 2.5. On the bundle £ x K, the stabilizer of the trivial connection A = d 
is the subgroup of holomorphic gauge transformation g : £ — > G, since such gauge 
transformations commute with &a- 

We first describe principal bundles on P(l,n) and connections on them. We take 
a unitary viewpoint in this section, as opposed to a holomorphic one (see remark 
2.8). For orbifolds, we follow classical definitions [25]. Gauged holomorphic maps 
on orbifolds are similar to J-holomorphic curves on orbifolds described in [6]. We 
will not repeat full definitions here, but just describe what the definitions give in 
the specific case that the orbifold is P(l,n). 

Definition 2.6. (a) (Weighted projective line) The weighted projective space 
P(l,n) is the quotient of C 2 — {0} by the action of C x with weights 1, n. It 
is covered by two orbifold charts, U\ and XJi where XJ\ = U<i = C and the 
equivalences are : 

z ~ e 2wi/n z zeUi 

z~ n ~ w o^weU 2 ,o^zeU 1 

We refer to U\/ ~ as U\. 

(b) (Clutching construction) We next describe a principal i^-bundle P — > P(l, n). 
Let P\fj denote the lift of P\u x to U\. P is given by trivializations P\fj — 
JJ\ x K and P\u 2 — U 2 X K under the equivalences 

(z, h) ~ (e 2ni/n z, v{z)h) (z, h) G C/i x K 

(3) - 1 

(z,h) ~ (w,T(z)h) ^ z €Ui,w £ U 2 ,w = — ,h £ K 

z n 

where fi : U\ — >• K defines a Z n -action on U\ x K and and r : f/i\{0} —> K 
satisfies T{e 2m / n z) = t(z)/jl(z)~ 1 . Note that the fiber over the singular point 
o e t/i may not be AT, it could just be K jWj n 

(c) (Clutching construction for connections) Let a n : U\ — > JJ\^ 

denote the diffeomorphism giving the action of the generator of 7L n . A con- 
nection on P — >■ P(l, n) is given by connections on trivializations U\X K and 
U 2 x K that satisfy the equivalences (3): 
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(i) A\y satisfies cr^A = fi(A) (viewing /jasa gauge transformation). 

(ii) By the above condition, cr*(r(^4)) = t(A) on C/i\{0}, so it descends to 
a connection on C/ 1 \{0}/Z re . We require that this descended connection 
is -4|c/ 2 \{0}- 

(d) (Clutching construction for gauge transformations) A gauge transformation 
k on P consists of k\ = fc|^ : U\ — >■ K and k<i = k\u 2 : U2 — > K satisfying 
the equivalences (3) - 

(i) o* n k\ = iik\[i~ x and 

(ii) t^iI^x/o} 7 " -1 descends to k^- 

Unless, otherwise mentioned, we think of P(l, n) as C with an orbifold singularity 
at 00. More precisely, the orbifold point is the quotient P(n) of C* by C* acting 
with weight Ti. As a groupoid this is equivalent to the quotient of a point by 
that is, B7L n . 

Definition 2.7. (Gauged holomorphic maps from the weighted projective line) Let 
P — > P(l, n). A gauged holomorphic map {A, u) from P(l, n) to X consists of gauged 
holomorphic maps on the bundles U\ x K and U2 x K that satisfy the equivalence 
conditions (3) 

(a) (A,u)\fj satisfies a^(A,u) = /j,(A,u) (viewing fj, as a gauge transformation). 

(b) By the above condition, cr*(r(A, u)) = r{A,u) on C7i\{0}, so it descends to 
a gauged holomorphic map on Ui\{0}/Z n . We require that this descended 
map is {A,u)\ U2 \ {0} . 

Remark 2.8. (Holomorphic viewpoint) A gauged holomorphic map (A,u) can be 
described by the following data : 

(a) A G-equivariant holomorphic map u : Pc — > X, where Pq = P x k G and its 
holomorphic structure is given by A 

(b) and a section a : S — > Pc/K. 

The complex gauge equivalence class of (A, u) is specified by the map u, that is, does 
not depend on a. Holomorphic bundles on P(l, n) can be described in a similar way 
to the unitary bundles, the only difference is that the transition functions \l : XJ\ — > G 
and t : Ui\{0} — > G will be holomorphic maps. Another observation is that any 
holomorphic principal bundle over C is trivial (see remark 19.6 in [8]). So, a gauged 
holomorphic map can just be specified by u : U\, U2 — > X and the transition 
functions r and A. 

Definition 2.9. (Weak gauge transformations and gauged holomorphic maps) Fix 
p > 2. We call a gauged holomorphic map (^4, u) on P — > P(l, n) weak if it is smooth 
on C and on Bp^ C U\, which is a neighbourhood of 00, (A,u)\b^ € L p x W ,p . A 
(complex) gauge transformation on P is weakly extendable if it is smooth on C and in 
W l ' p in a neighbourhood of 00. Denote by Q(P) we the group of weakly extendable 
gauge transformations. 
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By the Sobolev embedding theorem, any weakly extendable (A, u) resp. g is 
continuous and so u(oo) resp. g(oo) is well-defined. The following is the analytic 
version of the main result of the paper. 

Theorem 2.10. Suppose X is Kdhler manifold with Hamiltonian action of a com- 
pact Lie group K , which is either compact or a finite dimensional vector space with 
the linear action of K and a proper moment map. Let G be the complexification of 
K , and suppose G acts locally freely on X ss . Let n be an integer such that for any 
x 6 X ss , \G X \ divides n. Fix p > 2. 

Let (A, u) be a gauged holomorphic map from C to X that extends to a map over 
some principal bundle P — > P(l,n), and suppose u(oo) S X ss . There is a weakly 
extendable complex gauge transformation g € Q(P) W c such that g(A,u) is a smooth 
finite energy symplectic vortex, which is unique up to left multiplication by a unitary 
gauge transformation. 

Conversely, given any finite energy symplectic vortex, there is a K-bundle P — > 
P(l,n) so that (A,u) extends to a weak gauged holomorphic map on P. There is a 
weakly extendable complex gauge transformation g € G{P) so that g(A,u) is smooth 
over P(l,n). The gauged holomorphic map g(A,u) is unique up to complex gauge 
transformations in Q{P). 



3. Gauged holomorphic maps as maps between stacks 



In the first three subsections of this section, we provide background and define 
stacks over the category of manifolds, following [19]. In the last subsection we show 
how the space of gauged holomorphic map from P(l,n) can be viewed as functors 
between stacks. This is used to observe to derive theorem 1.1 from the main theorem 
2.10. 

Definition 3.1. (a) (CFG's) A category fibered in groupoids (CFG) over a cat- 
egory C is a functor ir : D — > C such that 

(i) Given an arrow in C and an object £ 6 D with 7r(£) = £ 

there is an arrow / : £' — » £ in D with ir(f) = f (we say that £' is the 
pullback is the pullback of £ along /). 



f 



(ii) Given a diagram 



£ in D and a diagram 



/ h 



(/) 



7r(£) in C 



there is a unique arrow g : £" — > £' in D making 
and satisfying 7r(g) = g. 



7T(h) 



£ commute 



H h 
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(b) (Fibers of a CFG) For any C € Ob(C), the fiber over C is the subcategory 
D(C) with objects 

Ob(D(C)) := {£ € Ob(D) : vr(£) = C] 

and morphisms in Ob(D(C)) that project to Idc* under tt. 

Remark 3.2. We summarize some results about CFGs, for details, see [19]. 

(a) Any two pullbacks of £ G Ob(D) along / G Mor(C) are isomorphic. 

(b) For any C G Ob(C), D(C) is a groupoid. 

(c) The collection of all categories fibered in groupoids over the category C is a 
2-category. 

The 1-morphisms between CFGs ttq : D — >• C and 7Te : E — s> C are maps 
F : D — )■ E that satisfy 7Te o F = 7Td- 

Given two 1-morphism i* 1 , F' : D — > E, a 2-morphisms a : -F ==> F' is a 
natural transformation between them. Since E(C) is a groupoid, any natural 
transformation is invertible. 



In order to define stacks, we need the concept of a descent category. Let Man 
denote the category of manifolds with morphisms being smooth maps. 

Definition 3.3. (Descent category) Let tt : D — > Man be a category fibered in 
groupoids, M a manifold and {Ui} an open cover of M. 

(a) An object in the descent category D({£/j — > M}) is ({&}, {4>ij}), where £j G 
Ob(D(C/j)), and ^ : pr|£j ~ pr^ £j is an isomorphism in D(C/jj) = D(£/j Xj\/ 
C7j ) , such that the following cocycle condition is satisfied: for any triple of 
indices i, j and k, we have the equality 



pri 3 4>ik = Wi2 4>ij ° Pr23 4>jk ■ Ck ->■ prj & 



where the pr afe and pr a are projections to the ath and the 6th component, 
and to the ath component respectively. (For example, pr 13 : Uijt -4 Un- and 
pr 2 : Uijk — > Uj.) The isomorphisms (frij are called transition isomorphisms. 
(b) An arrow {a,} G Mor(D({[/j -> M})) between objects ({&}, {^ij}), ({r/J, 
{V'ij}) € Ob(D({C/j — >• M})) is the collection of arrows a, : -4- ^ in D(£/j), 
with the property that for each pair of indices i, j, the diagram 



P r 2 P r 2 ? ?j 



commutes. 



For a manifold M and cover there is a functor D(M) — > D({[/j — > M}) given 
by pull-back. 
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Definition 3.4. (Stacks over the category of manifolds) A category fibered in 
groupoids tt : D — > Man is a stack if for any manifold M and any open cover 
{Ui — > M}, the pullback functor 

D(M) -»■ D({Ui -> M} 

is an equivalence of categories. 

Remark 3.5. (a) A map between stacks is a 1-morphism between 2 CFGs. 

(b) A manifold M € Man corresponds to a stack M_ described in the following 

way: the objects are Y — > M, where Y is a manifold and / is a smooth map. 

fx h 

Morphisms from Y\ —¥ M to Y 2 — % M are smooth maps q> : Y\ — > Y2 such 

that f 2 (p = f±. The projection tt : M_ — > Man is the forgetful functor that 
f 

maps Y — > M to Y. It can be seen that a functor M — > N_ is determined by 
a map M — > N. 

Definition 3.6. (Fiber products) Let ttx '■ X — > C, ny ■ Y — > C and irz ■ Z — > C be 
three categories fibered in groupoids over a category C. The 2-fiber product Z XxY 

Y 

of the diagram j/ is the category with objects 

Z X 

9 

(Z x x Y) = {(y,z,a) e F x Z x X 1 \ n Y (y) = tt z (z), f(y)-$g(z)} 
and morphisms 

Rom Zxx Y {(zi,y 1 ,ai),(z 2 ,y2,a 2 )) = 



f V Us 

{zi -> z 2 ,yi y2) 



/(yi)-/(y2) 

tty(u) = ttz(v) € Cl, "l| O j"2 G Xl 

9{zi) 7-5(^2) 
9W 



together with the functor tt : Z Xx Y — > C defined by 

ir((z, y, a)) = tt z (z) = n Y (y), n(v, u) = tt z (v) = tt y (u) 



Z XxY-^Y 



Remark 3.7. The diagram 



pi'i 



9 does not commute. But there is a 



z^^x 



natural isomorphism g o pr 2 =^ / prj^ which need not be the identity. 

From now on, to simplify notation, we denote M just by M. We also drop the 
distinction between a manifold and the stack induced by it. 

Definition 3.8. (a) (Atlases for stacks) Let D — > Man be a stack. An atlas 
for D is a manifold X and a map p : X — > D such that for any manifold 
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M and map / : M — > D, the fiber product Mxpl is a manifold and 
the map pr x : Af x^I -> M is a surjective submersion. For example, let 
U = LJ Ui — > M be an open cover of a manifold M. Then, the map of stacks 
p : U_ — > M_ is an atlas. 

(b) (Groupoids associated to atlases) Given an atlas p : X — > D, we can define 
a Lie groupoid G by Ob(G) := A and Mor(G) := A A, which is also a 
manifold. The source and target maps s, t : Mor(G) — > Ob(G) are given by 
projection X x £> X — > X to the first and second factor respectively. For any 
Lie groupoid G, there is a category BG, with objects principal G-bundles 
(see [19] for a definition. If G is a Lie group, this coincides with the regular 
notion of principal bundle) and morphisms G-equivariant maps. Define a 
CFG 7r : BG — > Man, where any principle bundle is sent to its base space and 
the morphisms are sent to their projection on the base spaces. BG — > Man 
is a stack and it is isomorphic to X as a stack. 

(c) (Orbifolds) A stack D is Deligne-Mumford if it admits an atlas X — > D so that 
the corresponding groupoid G is proper and etale, i.e. source and target maps 
s and t are proper local diffeomorphisms. An orbifold is a Deligne-Mumford 
stack (in the category of manifolds). In our example P(l,n), Go = C|JC 
and Gi corresponds to the equivalences (3). 

Definition 3.9. (Quotient stacks) Let X be a manifold on which a Lie group G 
acts holomorphically. The quotient stack X/ G is defined as: 

(a) The objects of XjG are {P —> M,P — >• X}, P is a principal G-bundle over 
manifold M and / is G-equivariant. 

(b) An arrow between {Pi -> Mi, Pi 4> X} and {P 2 -> M 2 ,P 2 A A} is a 
G-equivariant map /i : Pi — > P 2 such that /i = / 2 ° fo. 

(c) The functor vr : A/G ->• Man maps {P 4 M,P ^ A} to M and the 
morphism h to its projection M\ — > M 2 . 

The following is standard: 

Proposition 3.10. Suppose that G acts locally freely and properly on X. Then the 
quotient stack A/G admits the structure of an orbifold. 

We may also work in the category Mane whose objects are complex manifolds 
and whose morphisms holomorphic maps. All the previous definitions are the same, 
but with holomorphic maps instead of smooth maps. In particular, 

(a) a complex orbifold is a Deligne-Mumford stack over Mane; an d 

(b) if G is a complex Lie group acting on a complex manifold A then the quotient 
stack A/G is the category of pairs (P,u) where P — > M is a holomorphic 
bundle and u : M — > P(A) is a holomorphic section. 

From now on, all our stacks are over Man^. We may now re-interpret our definition 
of gauged holomorphic map from Definition 2.3 in stack language. 
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Proposition 3.11. The set of gauged holomorphic maps from P(l,ra) to X modulo 
complex gauge transformations is in bisection with isomorphism classes of objects of 
Hom(P(l,n),X/G). 

We will prove this after recalling the following version of the Yoneda lemma: 

Lemma 3.12 (2- Yoneda : [19] Lemma 4.19). Let D — > C be a category fibered in 
groupoids (CFG). For any object X € C, there is an equivalence of categories 

(4) 9 : Hom C FG(X, D) -> D(X). 

HomcircGK, D) denotes the category of maps of CFGs and natural transformations 
between them. 

Proof of proposition 3.11. Lemma 3.12 proves proposition 3.11 in the case n = 1: 
HomQPSX/G) is equivalent to X/G^ 1 ). The objects in the fiber X/G^ 1 ) are 

{P -> P 1 , P -4 X} where P is a holomorphic G-bundle and / is G-equivariant. The 

f f 

morphisms between {Pi — > P 1 , Pi -4 X} and {P2 — > P 1 , P2 ^4 X} are isomorphisms 

and they consist of G-equivariant holomorphic maps between principal bundles Pi A 
P 2 that satisfy 112 o h = u\ and are identity on the base P . These morphisms are 
precisely complex gauge transformations that take (Pi,u\) to (p2,«2)- 

For the general case, consider u € Hom(P(l, n), X/G). The pair U\, U2 described 
in 2.6 is an atlas for P(l, n) making it an etale Lie groupoid H, and hence a Deligne- 
Mumford stack. In the space of morphisms Mor(PT) in the groupoid H, one of the 
components is PTj 1 = {(x,a n x) : x £ Ui}. By pulling back, we have u : U± — > X/G. 

Hi C Ui Xp(i,n) Ui — ~ — *~ U\ 

PT2 f 

Ui »-P(l,n) 

The pull-backs (gopr 2 )*^ and (/ pri)*£ are related by a natural isomorphism, this 
means there is a [i : U\ — >■ G that satisfies 

(5) u(a n x) = n(x)u{x) 

for all x EU\. Since u is holomorphic, fi is also holomorphic. 

Another component of Mor(P^) is Hf = {(z, w) € U\ x U2 '■ w = ^-}. In a similar 
way that leads to a transition map r : C/i\{0} — > G that satisfies 

(6) tu(z) = u(w), 

where z € Ui, w € U2 and w = Since u\y and u\u 2 are holomorphic, r is also 
holomorphic. Equations (5) and (6) imply that r o a n = r/i" 1 . This shows that 
u G Hom(P(l, n), X/G) corresponds to a gauged holomorphic map from P(l,n) to 
X. It's easy to see the reverse is true: given a gauged holomorphic map from P(l, n) 
to X, we get an element in Hom(P(l, n), X/G). Complex gauge transformations 
correspond to natural isomorphisms between functors in Hom(P(l, n), X, G). □ 
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Proposition 3.11 shows that theorem 2.10 yields theorem 1.1. 

4. Heat flow for vector space target 

In this section we extend the Hitchin-Kobayashi correspondence of [29] to the case 
of non-compact target. We recall the main result of [29]. If s,p are positive integers 
such that s - i > 0, we denote by Wg' p (n) = {/ G W s ' p (n) : f\ 9n = 0} the Sobolev 
space vanishing on the boundary. 

Theorem 4.1. ([29] theorem 4-3.3) Let T, be a compact Riemann surface with non- 
empty boundary and (A,u) be a gauged holomorphic curve mapping to a compact 
Kahler Hamiltonian manifold X so that *Fa + &(u) = on <9E. Then, there is a 
complex gauge transformation g = e 1 ^ , £ E W s ' p (for any p > 2) such that g(A,u) 
is a vortex. Up to unitary gauge equivalence, g(A, u) is the unique vortex in the 
complex gauge orbit of (A, u) . 

In this section, we extend this result to the case when X = C™, the group action is 
linear and the moment map is proper. Suppose K acts via a group homomorphism 
p : K — » U(n). A moment map for the action is 

:= (dp)* (-|a;a?*) +t 

Here dp : — > u(n) is the differential of p at Id, and (dp)* is its dual with respect to 
the chosen Ad-invariant inner product on t and the inner product (A, B) = ti(A*B) 
on u(n). The element r € 6 is a central element chosen such that K acts locally 
freely on $~ 1 (0). 

In [29], theorem 4.1 is proved by showing the long-term existence of gradient flow 
of (A,u) under the functional (A,u) h-> \\*Fa + ^(w)||l 2 (s)- As t — > oo, the gradient 
flow converges modulo gauge to a symplectic vortex. All the results assume that the 
target X is compact. 

Lemma 4.2. Suppose E is a compact Riemann surface (possibly with boundary), 
X = C n with G acting linearly. We assume the moment map $ is proper. Let (A, u) 
be a gauged holomorphic curve on S with the energy bound E(A, u) < k. Then, there 
is a compact set S C C n , determined only by k, that contains 

Proof of lemma Define an operator L x for every x € X, 
(7) L x : t -> T X X, £ ^ 

So, given u : £ — > X, we obtain a section 

L u er(£,Hom({!,T u X)) 
of the vector bundle Hom(t,T u X) on S. 

Step 1: Proof of lemma assuming that <9X = <j). 

By the energy bound, ||-F(^4)||^2, ||$(u)|| i 2 < k. Using Uhlenbeck's local theorem 
([28]), we can find a cover of E, L) a U a and local trivializations under which the con- 
nection A is d + a a on U a and ||tia||ifi(w a ) < c fc- Here is a constant depending only 
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on k. Suppose, under this trivialization u is given by u a :U a — > C n . Holomorphicity 
yields du a = (a a )°'i- 

The lemma is proved by using elliptic regularity to obtain a C° bound on each 
u a . First we produce an L 2 bound on each u a . Since & is a quadratic function on 
X and is proper, we have 

||u|| L 2 < c(l + ||$(«)|| L2 ) < c k . 

Note that (a a ) Ua is the product of two sections L Ua E r(S, End(l, T Ua X)) and 
a a € r(S,6). \L X \ grows linearly with x, so \L X \ c|$(a;)| 1 / 2 . Since ||$(itQ,)||x,2 < k, 
ll-^walli 4 < c k- By the multiplication theorem (proposition A. 5), 

\\( a a)u a \\L 2 +t(U a ) < c k- 

Let U'a <^U' a <£U a be such that U" still cover E. We apply interior elliptic regularity 
twice to obtain 

H^lliyi.^) < c(\\du a \\ L 2( Ua ) + ||n Q || i2 ( WQ )) < c k . 

By Sobolev embedding, VF 1,2 ^ L 2+e and so, the L 2+e norms of u a are bounded by 
Cfc. Next, 

||u Q ,|| W /i,2+ £(w ») < c(\\du a \\ L 2+ C (i(^ + ||n Q ,|| L 2+ e(W / t )) < c k . 

By the inclusion W 1,2+e > C , u a (U a ) is contained in a compact set S a C C n . We 
can replace S a by KSq, which is also compact. In this way we see the compact set 
is independent of the trivialization we choose over U a . 

Step 2: When + </>. 

We use a technique from the proof of lemma 4.2.6 in [29] to construct a gauged 
holomorphic map on a closed Riemann surface S that is made up of two copies of S. 
For ease of notation, we assume throughout the proof that has one component, 
the proof works identically for multiple components. 

Assume that B e (dT,) is the e- neighbourhood of <9£, parametrized by {z € C : 1 < 
\z\ < 1 + e}. There is a trivialization 

r ■ P\ Be (da) ->{z€C:l<\z\<l + e}xK, 

under which A is in radial gauge, i.e. (r-f 1 )* A = d + clq&O. Consider the bundle 

P:= (P\JP) /{(x,x) 

over the Riemann surface S := S|jS/{(x, x) : x € dT,}. At the boundary, the 
trivialization r of P\b ( (8T,) extends to a trivialization of P : 

< \z\ < 1 + e S> x K. 



P \B e {8T.) - \ z € C 



1 + e 

This defines the manifold structure of P close to <9£. Next, the connection A on 
P be given by the A on both copies of P. The trace of these connections on P\dT, 
agree, so this is a H 1 connection on P. u : S — > X is defined to be same as u on both 
copies. Finally, we note that Step 1 applies if (A, u) is in the space H 1 x (i/^nC^), 
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and E(A, u) = 2E(A, u) < 2k. Step 1 implies u(£) is contained in a compact set of 
X, and so the same holds for u. □ 

Lemma 4.2.6 in [29] tells us that if (At, ut) is the gradient flow line of the functional 
\\*Fa + 3>(tt) 11^2(2) for t G [0,T], then E(A t ,u t ) decreases with t. Along with the 
above lemma this implies that if the gradient flow exists till time t, itt(£) C S. So, 
we may assume that the target manifold is S. Therefore the flow exists for all time. 
We have proved: 

Proposition 4.3. Theorem 4-1 holds in the case when X = C n , the action of K is 
linear and the moment map $ is proper. 



5. From a holomorphic map to a vortex: outside a compact set 

In this section we find a complex gauge transformation so that the vortex equation 
is satisfied outside of a ball. That is, 

Proposition 5.1. Suppose the action of G on X ss has finite stabilizers. Let (A,u) 
be a gauged holomorphic map from C to X that extends to one over a principal 
bundle P — > P(l, n), and suppose u(oo) G X ss . Then there exists a smooth function 
s : C — > t such that if e ts : C — > G denotes the gauge transformation obtained by 
exponentiating is then e ls (A,u) is a finite energy vortex on C\Br for some R. The 
gauge transformation e ts extends continuously to a complex gauge transformation on 
P -> P(l,n). 

Definition 5.2. We define the following natural covering spaces of C\Br. For any 
R > 0, let 

£r : = C\B R i/ n 
be the n-fold cover of with covering map z H > z n . Let 

T lR = { re ie :r>R, 6 G ]R/2nvrZ} 
be the isometric n-fold cover of £ a with covering map is re 1 ® i— > re % ^ mod 2n ^ . 

The metrics differ on X# and as follows. Let r : —> £# be the obvious 
map that commutes with the covering maps. Let ujj, R and uj^ r be the Euclidean 
Kahler form on these spaces. Then, t*u^ r = n 2 r 2n ~ 2 aj^ R . The L 2 norms transform 
as follows 

a G n°(E R ) I \a\ 2 u^ R = I \T*a\ 2 n 2 r 2n - 2 u tR 

(8) a G ^(Er) [_ \a\ 2 u^ R = ! \r*a\ 2 u> tR 

a G n 2 (Z R ) I \a\ 2 u^ R = I \T*a\ 2 n- 2 r- 2n+2 Lu tR 
Jy,r J^r 

At the center of the proof of proposition 5.1 is an implicit function theorem 
argument. This is part of the following proposition. 
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Proposition 5.3. Let Rq > and (A,u) be a gauged holomorphic map over £r . 
We assume the following: 

(a) \\*F A + $(it)|| £ 2 < oo; 

(b) u extends continuously over oo, i.e there is a point u(oo) G 3> _1 (0) so that 
lim^oo u{re ld ) = Uoo for all G [0,2n7r); and 

(c) on the trivial bundle xK, A = d+a, a G fi 1 satisfies \\a\\jji < oo. 

Then, there exists R > Rq for which there is a complex gauge transformation g G 
H 2 (T<r,G) so that g(A,u) is a finite energy vortex on Ejj. In addition, suppose 
(A,u) satisfies the symmetry relation (A, u)(e 2m -) = j{A,u), where 7 G K and 
7™ = Id, then, g satisfies 

(9) 9{e 2 * i -)=ig{-)T 1 . 

We remark that it is enough to look for a complex gauge transformation of the 
form g = e 1 ^. This is because any complex gauge transformation g can be written 
as g = ke 1 ^, where k G K and £ G Lie(/C), and if g(A, u) is a symplectic vortex, so is 
e*(A,u). 

Proof of proposition 5. 3. Define the functional 

T R : t(c\b r ,q) -> r(c\s fl ,fl), £ 1— >■ *i J, ( 0X pie)A J (exp<e)u- 

The linearization at £ 

Djf (eo = d(«p<e)i? d («P«)Bei + ^d$(j(a) u ) 

extends to a map between Sobolev completions: 

L»7f : H 2 (C\B R , Q ) L 2 (C\^, ). 
The Sobolev norm for the spaces -ffjj := H s (C\Br,q) is defined in the usual way: 

IMIs : = ^2\\ VI(J \\l^C\B r ) 
\i=0 

where V is the trivial connection. 

The proof of the theorem proceeds by showing that 

DTq : 6 h+ d*d£i + u*d$(J(£i)„) 

is onto, since it is 'close' to d*d + Id. Then we'll apply the implicit function theorem 
to find a solution for J- R = close to £ = 0. For notational convenience, we define 
an operator C x for every x G X, 

£x ■ Q ->■ 0, £ ^ d§ x (J£ x ) 
If i<T acts locally freely at x, then £3 is a positive operator. 
For proving the symmetry result (9) we define the operator 

T 7 :r(E,e) ->r(s,t), £^ Ad 7 .i£( e 2 ^-)- 
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Step 1: There exists R\ such that for R> R\, -07^(0) : H R — > L R is onto and 
has a right inverse Q R , with \\Q R \\ < C and C is independent of R. If 

(A,u)(e 2 ™-) = j(A,u), 

then Qfj can be chosen so that lmQ R is invariant under r 7 . 

Write 

(10) DT = d* A d A + C U = (d*d + C u{oo) ) + (d* A d A - d*d) + (C u - C u{oo) ) 

We first show that (d*d + £ u ( QO )) is onto with a right inverse bounded independently 
of R. The contributions of the other terms can be controlled by choosing R large 
enough. The operator £ u (oo) : t — > t is positive and so is diagonalizable with positive 
eigen- values Ai, . . . , A m . Then, the bundle (C\B R ) x t splits into a direct sum of 
eigen sections Li of the bundle. On Lj the operator d*d + C u \i i = d*d + Aj. We 
now choose a right inverse q R for 

d*d + Id : H 2 {C\B R ,C) -»• L 2 (C\B R ,C). 

Given a G L^, extend it by in Br to get a G L 2 (C\B\,C). By proposition A.l, 

(Id+d*d) : flf(C\Bi,C) L 2 (C\B!,C) 

is invertible where 

# 5 2 (0) := {/ G tf 2 (ft) : /|an = 0}. 
Let rjj denote restriction of a function from C\i?i to C\B R . Define as 

q R {a)=r R (Id+d*dr 1 a. 

Then \\q R \\ < k and k is independent of R. By scaling, we can obtain a right inverse 
for d*d + Aj also. So, d*d + : W R P — >• has a right inverse Q_r with norm 

bounded by k/X, where A := min{l, Ai, . . . , A m }. 

Next, we look at the perturbative terms. We can write 

(d^d^ - d*d)£ = *[a A + [d*a A £] + *[a A *[a A £]]. 
By the Sobolev multiplication theorem (proposition A. 5), 

||«[o A .d{] + [d*o A J] + .[a A .[a A (]]\\ L% < c{\\a\\ K + ||a|| J,, )||e|| H j 

< £ki 4 

for small ||ci||//i , which can be achieved by taking R large. Consider C u — jC m (oo)- 

As 

— > u(oo) uniformly and so \\C U — £oo||c (C\.Bii) — ^ 0- For large R, 
|| Aj - ^oo||c (C\B fl ) < A/4fc. 
And hence, the operator — Coo\\ '■ H R — > L R has norm X/Ak. So, for a suitable 

\\(d* A d A - d*d) + (£ u - £ u(oo) )|| < A/2A; < — I— 

2 \\Qr\\ 
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for all R > R\. So, for R > R±, (LFr(Q) : IuiQr — > L 2 R is an isomorphism with the 
norm of the inverse bounded by 2||<3r|| < 2fc/A. 

To prove symmetry, assume (A, u)(e 2m -) = ^y(A,u). Since IuiQr = IuiQr, it is 
enough to make Im Qr invariant under r 7 . If Qr is a right inverse of d*d + Ai(oo)> 
since u(oo) is fixed by 7, r 7 o Qr is also a right inverse. And, since d*d + is a 

linear operator, we can replace Qr by its average under t 7 , given by ^ Y17=o t ^°Qr- 
The bound on the norm changes by a constant. 

Step 2: There is a constant 5 > suc/i that for ||£||2,p < <5, H-DJ 7 ^ — -DJ"(f || < ^ 
(C is £/ie constant in Step 1) 
Write 

-DJ"^ - DFq = (^(expj|)A^(expiO^ _ d^d^) + (£( cxp j£) u - At) 

Consider the first term. Let (expi£)A = A + a. Then, 

( d (e W iOA d (cK P iOA - d* A d A )^i = *[a A *d£ 1 ] + d*[a A + *[a A *[a A &]]. 

The multiplication theorem on Euclidean domains (proposition A. 5) is bounded by 
constants independent of the domain (it depends only on the Sobolev exponents). 
So, 

\\( d (c X piOA d (cx P iOA ~ d^d^il!^ < c||a|| ff i||6l|iT2 < c||^i 11^2^11^2, 
where the last inequality is by lemma 5.4. The constant c then depends on ||ao||#i(£)j 
where A = d + ao - ll a o||#i(s fl ) can be bounded above if R > Ri and so c is R- 
independent. 

The next term £ i->- (£( exp i£)u ~~ At) 1S a smooth map. There is an L°° bound on 
its derivative, since ii(C\-BR ) is compact. Hence 

\\£(expiOu ~ £u\\c° < c U\\c° < c ll£llff 2 - 

By the Sobolev multiplication theorem, 

IIC£(expi£)u ~~ £«)£iIIl 2 ^ c II^IIh 2 II6||^2- 
So, \\DJFf - DT^\\ < c\\£\\ H 2. For a small enough 5 > 0, 

M\\m<5 => WD^ - DF*\\ < ±. 
Step 3: Finishing the proof 

To finish the proof of proposition 5.3, we apply the implicit function theorem 
(proposition A. 4) on J 7 , with the values of S and C found in the previous step. We 
assume that R is larger than the R\ in Step 1. We need to ensure that 

11^(0)11,2 < A. 

This can be done by taking a large enough value of R, since \\*F A + 3> (it) 11^2 < 00. 

To prove the symmetry result (9) suppose £ is the solution produced by the 
implicit function theorem. Then it is a unique solution in Bs(H 2 (T,,t)) n IuiQr. 
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But, by the symmetry of (A, u), r 7 £ is also a solution in B$ and it is in IiuQr. So, 

e = r 7 e □ 

The following lemma was used in the proof of proposition 5.3. 

Lemma 5.4 (Norm bound for Qc action on A). Let R > 0, and let A = d + a 

be a connection on the bundle (C\Br) x K for which ^\o\\m{C\B R ) < e - F° r an V 
£ € H 2 (C\Bji,i) satisfying \\^\\h 2 < 1> (expi^)A € H 1 and there is a constant C(e) 
so i/iai 

||(expiO^- A|| H i (c \ Bfl) < C||^|| H 2 (c \ Bfl) . 

Proof. The infinitesimal action of i£ on a connection A is *dyi£. Suppose at ■ [0, 1] — > 
H\(t) is the solution of the ODE 

^ = *dA+otf = *<Uf + *[«* A£], a = a. 
Then, (expi£).A = A + ai. 

^IMI-ff 1 < H^ll^ 1 ^ c (ll?ll^ 2 + ll a *IMI£IU 2 ) < c(l + Hotll^i), 

since ||£||jj2 < 1. The constant c depends on the norm of d,4 : H 2 — > H 1 . Now, for 
any t, \\at\\ < c, which implies ^\\at Wh 1 < cll^Htf 2 - This proves the result. □ 

We identify the complement of the orbifold point with C, and let Br denote an 
open ball of radius R around 0. The next two technical lemmas show that we can 
assume that a pair (A, u) is in standard form near infinity. 

Proposition 5.5. (Standard form near infinity for orbifold connections) Suppose A 
is a connection on P — > P(l,n). There is a complex gauge transformation g on P, 
and a trivialization of P over C so that gA\c = d + Xd9 on C\Br for some R > 0, 
A € I satisfying e 2?rnA = Id. Conversely, if A is a connection on C satisfying the 
above condition, then it extends to a connection on a principal bundle over ¥(l,n) . 

Proof. Pick an i?i > and consider Br ± C U±. By, for example, theorem 1 in 
Donaldson [12], there is a unique complex gauge transformation e ls , s : Br ± —¥ t, 
s \dB Rl = 0, so that e ts A is a flat connection, and the complex gauge transformation 
e %s is unique up to multiplication by elements in K,{Br^). Notice that (a*e* s )/x also 
transforms A to a flat connection. So, there is a gauge transformation k : B^ — > K 
so that ke ls = (cr*e l,s )/i. Writing 

we see that s o a n = Ad^ s. Let r] : U\ — > [0, 1] be a radially symmetric cut-off 
function that is 1 on Br and vanishes on Ui\B2R 1 . It is easy to see that e ir,s defines 
a complex gauge transformation g on all of P(l, n). 

Now, we switch to working on Ui- Let R = (2i?i)~ n . Choose a trivialization 
P\u 2 ~ * U2 x G so that gA is in radial gauge outside Br, and since gA is flat, 
gA = d + a(0)d0, for some a : S 1 -> C. 
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Claim. Let A\ be a connection on C x K that is equal to d + a(9)d9 on C\Br, where 
a : S 1 — > E. There is a A G 6 such that Ay is gauge equivalent to a connection that 
is equal to d + Ad# on C\Br. 

Proof. Let : [0, 27r] — > K be the solution of 

a(8), fc(0) = ld. 



d0 

The path 9 i— >■ /c(#) can be homotoped to a geodesic i— > e A61 , A € t. Then, e^k^ 1 is 
a gauge transformation on C\Pr that is homotopic to the identity and it transforms 
A\ to d + Ad# on C\Br. By using a cut-off function, e A6, /c -1 can be extended to a 
gauge transformation on all of C. □ 

By this claim, g(A) is gauge-equivalent to a connection that is a! + Xd9 on C\Br. 
Its holonomy about infinity is e 2nX . Since g(A) has trivial holonomy for loops close 
to in Ui, we have e 2nnX = Id. 

For the converse, we construct a bundle P — >■ P(l, n). Set \i = e~ 2nX and r = e nXS . 
We are given ^4|^ 2 . A\y can be constructed using the transition function r. 

will be trivial on B^-n QU\. □ 

Remark 5.6. (a) (Choice of n) Given a connection A on C x K of the form 
mentioned in the above proposition, i.e. A = d + Ad# on C\J3r with e 27rAn = 
Id. We can extend A to a connection on principal bundles not just over 
P(l,n), but also ¥(l,mn) for any positive integer m. 
(b) (Choice of A) Topologically, the set of principal i'T-bundles P — > P 1 is it\(K). 
This can be seen as follows : the deformation retract of the transition map 
C* — > K is a loop S* 1 — > K, whose homotopy type determines the bundle. 
The loop S 1 — > K can be deformed to a geodesic loop 9 h-» e Ae , where A G t 
satisfies e 2irX = Id. Given a bundle P — > P(l,n), the transition maps would 
now produce a geodesic path 9 € [0, 2ir] i— > e X9 , A € t satisfies e 27rnA = Id. The 
bundle P is not altered by deforming the path 9 t— > e xs (keeping the endpoints 
Id and e 2?rA fixed) or by applying Adfc to the path for some k € K. In the 
lemma above, this classifying path is 9 i— > e xs . In the claim, we observed 
that this is equivalent to the homotopically equivalent path 9 *— > k(9). In 
our description of bundles over P(l,n), this path can be recovered from the 
transition functions fi, r as lim rH> o{^ 6 [0, — ] f^^ 1 ^, 0)/x(r, 9)}. The limit 
path may not exist, but this determines a homotopy class of paths from Id 
to r(0) in K. (Recall ^(r, 0)/i(r, ^) = r(r,0)~ 1 .) 

The next result follows easily from proposition 5.5. 

Proposition 5.7. (Standard form near infinity for gauged holomorphic maps) Let 
P — > P(l,n) be a principal K-bundle and let (A, u) be a gauged holomorphic map 
from P to X . There is a complex gauge transformation g on P and a trivialization 
of P over C so that g(A, u) satisfies the following: 
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(a) There is a A G i so that gA = d + \d6 on C\Br for some R > 0. T/ie 
element A satisfies e 27TnX = Id. 

(b) For any G [0, 2ir), lim r _ s . 0O e~ xe u(r, 6) = x and e 2vX x = x. 

Conversely, any gauged holomorphic map from C x K to X that satisfies the above 
conditions extends to a map on P(l,n) for some principal bundle P — > P(l,n). n 
can be taken to be any positive integer so that e 2lTnX = Id. 

Proof of proposition 5.1. By proposition 5.7, we can assume that for some R > 0, 
A G £, A = d + Xd6 on C\B R , and lim^oo e~ xe u(r, 9) = x, and x G X ss . Call the 
covering map 7Te : £ — >■ £. We denote ^(^4, u) also by (^4, u). On S, A = d + raAd# 

Step 1: Let /ci : £ — > K be the gauge transformation k\{r,6) = e~ nXe . Then 
k\A = d on £ and k\u extends holomorphically over £ U {oo} with u{oo) = x. We 
also observe that k\ o o n = e~ 2nX ki. 

Step 2: There is a holomorphic g± : £ U {oo} G so that \&(gikiu)\ L2 ^ < oo. 

$i satisfies the symmetry relation gi(e 2nl ^ n -) = -y~ 1 gi(-)e 2nX , where 7 G if satisfies 
7 n = Id. 

We remark that g±kiu extends holomorphically over 00. We'll make ^(gi/ciu)^^ 
finite by choosing g\ so that <£(<7ifciii (00)) = and 

d( 9l k lU )(oc) c r^-^o) n jt^-^o). 

Indeed, on £, <&(gik\u) and its derivative vanish at 00, so |<3?(<7i£;iti)| L 2(£) will be 
finite. 

Pick so G £ such that e iS °2; G <3? _1 (0), denote y = e ts °x. Apply the complex gauge 
transformation g[ = e ls ° so that $ o (g[kiu) vanishes at 00. Set 7 = e ls o e 27T \ e -is ^ 

Next, we aim to find g'[ with g'{(oo) = Id that makes the derivative of ^o{g'lg' l kiu) 
vanish at 00. We need g'{ : £ U 00 — > G to satisfy g'[ o a n = ^~ l g'l^. To satisfy both 
these conditions, we require that dg"(oo) : C — > g be complex-linear and satisfy the 
following: (to simplify notation, denote u\ = g[kiu) 

(11) d(g'{ Ul )(oQ) C T y $-\0) n JT y $-\0), dg'{(oo)(da n (v)) = Ad" 1 dg'{(oo)(v) 

for all v G T^X] U {00}). The first condition translates to 

dg'( {oo)(v) y + du(v) C T^-^O) n JTj,$ _1 (0). 

The element d<?"(oo) is defined uniquely by this condition because q acts freely on 
T y X and T y X = gy (r tf * -1 (0) n JT^-^O)). Furthermore d^'(oo) is complex- 
linear and it satisfies the second condition in (11) because u\ o a n = "y~ 1 u. To 
produce g'[ given dg'{, we use the following claim. 

Claim. Let r C G be a finite group and dim G = m. There is a linear T action on 
C m and a holomorphic T-equivariant chart eft : U — > V C C m for a neighbourhood 
U Q G containing Id. Also <^>(Id) = 0. T acts on G by conjugation. 
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Proof of claim. Pick a holomorphic chart <f> : U — > C m with 0(ld) = 0. Equip C m 
with a T-action obtained by pushing forward the T-action via d0(ld) : q — > C m . 
Define, for y £ U, 

4> is T-equivariant, and since d(fi(0) = d(j)(0), it is an isomorphism in a neighbourhood 
of 0. □ 



We use the above claim taking T to be the cyclic group generated by 7. Given 
d<?"(oo) and we have a T equivariant holomorphic chart (j) : U — > C m for a neigh- 
bourhood of Id G G. Define o linearly by 

4>og'l{z) := d(4>o g")(oo)-. 

For a large enough i?, 5" is defined on U {00}. It is holomorphic and satisfies 
9i °o- n = 7 _1 9i7- Take g x := g'[g' x . 
Step 3: Finishing the proof 

Since g± found in Step 2 is holomorphic, it preserves the trivial connection k±A 
(see remark 2.5). So far, we have on £, giki(A,u) = (d,g\kiu). gik±u extends 
holomorphically over 00 and has the symmetry property gik\u{e 2m / n -) = 'jgikiu(-), 
where 7 G K satisfies j n = Id. 

We want to apply proposition 5.3 on S. But when we pass to S, we will no longer 
have in L 2 , because the metric on X is 'bigger' than that of £. Our strategy is 
to apply a complex gauge transformation e 1 ^ that makes <£(u) vanish near infinity. 
We will show that £ G H 2 {Ti), so that the resulting connection is in H l (Ti) and its 
curvature is in L 2 (£). These conditions will be satisfied after passing to £ (see (8)) 
so that proposition 5.3 can be applied. The details are as follows. The moment map 
$ is real analytic so by step 2, 



$ o u 




close to 00 on S. Since G acts locally freely on the semistable locus, there is a unique 
£ : £ — > t so that $(e^it) = 0. The quotient X//G is compact, so |£| has similar 
asymptotic behavior as |3>(?i)| close to 00, so £ G -ff 2 (£). By the symmetry of u, we 
can say that £ satisfies £(e 2m / n -) = Ad" 1 ^-). By lemma 5.4, e^giki(A) = d + a 
with a G if 1 (S). By (8), if on E, e l *giki(A) = d + a, then |H|^i(2) < 00 an d 
H-Fd+a ||£2(s) < 00. Note the symmetry relation 

e i tg 1 k 1 (A,u)(e 2m -)= 1 - l e i *g 1 k 1 (A,u)(-). 

Now, e l £giki(A,u) satisfies all the hypothesis of proposition 5.3, so there is a com- 
plex gauge transformation gi G if 2 (£) that sends e l ^g\k\(A, u) to a finite energy 
symplectic vortex on £ and satisfies gi{^ m -) = 7~ 1 <?2( - )7- 
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Next, we construct a gauge transformation on C. We have the symmetry 

g2e ii gik 1 (e 2 ™-)= 1 - l g 2 e*g l k l (-). 

Suppose v € t is such that e 2?ri/ = 7, then re lS 1— >• e ud is a gauge transformation 
on E. e ud g2e l ^giki is invariant under 2ir rotations and so it descends to a complex 
gauge transformation g on S = C\Br. By remark 6.3, after modifying g by a 
gauge transformation, <7(j4,-u) is smooth on C\-Br. (Upstairs, this would amount to 
altering g 2 in a symmetric way.) Since both u and gti map to X ss on C\Br and G 
acts locally freely on X ss , g is also smooth on C\Br. To produce a smooth complex 
gauge transformation on all of C, we write g = ke l< *, where k € /C(S) and ( : S — > t 
are smooth. Let 77 be a cut-off function on C\Br that is 1 in C\B 2 r and in the 
neighbourhood of 8Br. e 1 ^ G <7(C) makes (^4,ti) a finite energy vortex on C\B 2 r. 

Finally, we look at the bundle P as a whole. Originally, P was described by 
transition functions /i = e~ 2nX and r = e nXe . We applied the transformation g 2 e l ^g\ 
on Lq and the descent of e nyB g 2 e^g\k\ on U 2 . As a result of these transformations, 
P is now described by the transition functions [i = e~ 27TU and r = e nu6 '. The 
complex gauge transformation applied on P — > P(l,n) is smooth on C. To look at 
its behaviour at 00, we work on a neighbourhood in Ui, where the complex gauge 
transformation is given by g2^g\- gi and 52 are smooth on U\. Since £ € H 2 (Y>), 
e 1 ^ — > Id as z — > 00. So, e ir? ^ is a smooth on C and extends continuously to a complex 
gauge transformation onP4 P(l,n). □ 

6. From a holomorphic map to a vortex : on the affine line 

In this section we prove the first part of the main theorem 2.10. Given a gauged 
holomorphic map (A,u) on C that extends to a map over P(l,n), by proposition 
5.1, there is a complex gauge transformation g on C so that g(A,u) is a vortex on 
C\Br 1 . Next, we need to find complex gauge transform g(A,u) so that it is a finite 
energy vortex on C. For this, we use theorem 4.1, which for Riemann surfaces £ 
with boundary, provides a complex gauge transformation to change a gauged 
holomorphic map to a vortex. However, £ is in H 2 , but the normal derivatives of £ 
need not vanish on the boundary. This means, if we apply proposition 5.1 followed 
by theorem 4.1, the resulting connection A may not lie in W^. So, the required 
result is obtained by applying theorem 4.1 to a sequence of compact sets that exhaust 
C. 

To prove theorem 2.10 (i), we need the following lemma on convergence of vortices: 

Lemma 6.1 ([24], [35]). Let p > 2 and Oj be a sequence of precompact sets exhaust- 
ing C: 

Qi m n 2 <s • • • <s C \jQi = C. 

i 

Suppose for each i, (Ai,Ui) £ H 2 x is a vortex on fij and 

supE(tti, (Ai,Ui)) < 00. 
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Then, passing to a subsequence, there are gauge transformations ki G H 3 (Qi, K), a 
finite set Z C C and a finite energy vortex (Aoo,Uoo) G H 2 x Hf oc over C such that 

(a) kiAi — 1 in H 2 on compact subsets ofC, and strongly in W 1,p . 

(b) Ui — 1 in H 3 on compact subsets of C\Z and strongly in W 2,p . 

Proof. This lemma is a combination of results in [34] and [24]. But we explain how 
one can get the result for higher regularity spaces than that in [34] . By the bounded 
energy condition, we have, for some constant c, 

1 1 d Ai Ui\ \ L 2 < c. 

Since the image of all the Ui is contained in a compact set ([34]), we get Hd^^^i)!^ 2 
is bounded. Hence, by the vortex condition *F Ai + $(ui) = 0, ||dyi i * F^JI^ is also 
bounded, that is, 

supll^A WmtBA < °o, Vi > 0. 
k>i 

By Uhlenbeck compactness for non-compact manifolds (theorem A' in [31]), there is 
a sequence of gauge transformations ki in H 3 so that kiAi — 1 A^, in H 2 on compact 
subsets of C. 

The rest of the proof is same as [24] - that there is a finite bubbling set Z, and 
away from this set, a subsequence of UiS converge in C° on compact subsets, and 
hence by elliptic regularity they converge weakly in H 3 . The elliptic regularity in 
this context is standard (theorem 3.1 in [7]), but we present a short self-contained 
proof in lemma 6.2. The strong convergence statements follow from the compact 
inclusion H k (fl) M^ 2,fe_1 (r2), where $7 C C is bounded. □ 

Lemma 6.2 (Elliptic regularity for gauged holomorphic maps). Let s > 1, Q C C 

be pre-compact and (Ai,Ui) be a sequence of gauged holomorphic maps such that 
Ai Acq in H S (Q) and Ui — > in C°(Q), then m iioo in H S+1 (Q ), for any 
£1' , whose closure is contained in int(£l). 

Proof. The proof is by induction on s. The base case is proved in the same way as 
the induction step. First note that it suffices to work locally in X: Pick an atlas 
X = U a V a such that V a is bi- holomorphic to an open subset of C n . Since — » Uqo 
m we can find a finite cover Q = UpUp such that for UiiUp) is contained in a 
single V/3 for large i. So, now we can think of ttj as mapping to C n . 

In each chart we apply a combination of Sobolev multiplication and regularity 
theorems. As in [7], write Ai = d + &idx + ^>idy, where *j, <3?j G H s (Q,t) and the 
holomorphicity equation for (Ai,Ui) is 

(12) -d Ui = ^i{ui) + J x ^i{ui) 

We know that both Ai and Ui weakly converge in H s , so ^j, $j and Ui are uniformly 
bounded in H s . We next show that 3>j(uj) and ^i(uj) are uniformly bounded in 
H s . For this, recall L G F(fl, End(t, Tf2)) defined by (7). $i(it») can be seen as a 
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product $i(ui) = L{ui)<&i. Since L is smooth, ||i(«i)||fl-«ft^ a ) < c for all i, a. By 
Sobolev multiplication (proposition A. 5), for s > 1, 

||£Oi)$i||.ffs(W«) < c||^(-Ui)||^(w Q )||^||^(w Q )- 

By holomorphicity, ||d'Ui||.Hs(w a ) < c for all i, a. By elliptic regularity for curves in 

C n , 

IMIjy+i^) < c (\\dui\\ H s {Ua) + ||ui||j^^ )). 

where u' a C W a and c depends on ZY Q , ZYq. By picking such that they cover f2', 
we obtain a uniform bound on ||ttj||fl-H-i(n') and so Ui — 1 in H s+1 (£!'). □ 

Remark 6.3 (Regularity for vortices). Proposition D.2 in [34] shows that given a 
vortex (A,u) £ W 1,P (C), p > 2, there is a gauge transformation k £ VF 2 ' P (C, if) so 
that k(A, u) is smooth. Using the above lemma this can be strengthened to produce 
k £ H 2 for (A,u) £ H l x C°. The proof in [34] also applies for vortices on C\Br - 
it applies to any non-compact Riemann surface which can be exhausted by compact 
sets that are deformation retracts. 

The following 2 results are also needed for the proof of theorem 2.10 (i). The first 
one is proposition 4.3.1 in [29]. 

Proposition 6.4. Let p > 2. Suppose £ is a compact Riemann surface with bound- 
ary. Let (Ai,Ui) £ 7i(P,X) be a sequence such that A{ — > Aoo in W 1,p and there is 
a finite set Z CE so that ui — > Uoo in C 1 on compact subsets of T,\(Z U dT,) . Also, 
Fi := *F(Ai) + u*Q — > in L v . Then, there exist constants C and io so that for 
i > io, there is a complex gauge transformation expi£j ; £j £ W 2 ' p (£, P(g)) so that 
(expi£i)(Ai,v,i) is a vortex and satisfies WCiWw 12 ^ < Cll-^llif ■ 

The next one is proposition 4.3.2 in [29]. Roughly it says that in a complex gauge 
orbit, there is at most one vortex up to gauge. The proof is reproduced, because it 
will be useful in understanding the corresponding result for afhne vortices. 

Proposition 6.5. Let (Aq,uo), (Ai,ui) £ 7i(P,X) be vortices on a compact Rie- 
mann surface £ that are related by a complex gauge transformation g, i.e. (A\, u\) = 
g(Ao,uo) and assume g(dT,) C K. Then, (Aq,uq) and (Ai,u±) are gauge-equivalent, 
i.e. g £ K. 

Proof. After a gauge transformation, we can assume (Ai,u±) = e l £(Ao,uo), where 
£ £ r(E,P(t)) and = 0. Let {A t ,u t ) := ^{A Q ,u ). We know F AojUO = 
F AltUl = 0. For CIoe = 0, 

j t j (*F AtjUt ,0 = J (d*A t d At £ + u* t d$( J(0u t ), e>* 

= \\d A M\h + J"uM)u t , J(0u t ) > o. 

The inequality is strict for non-zero £. So, £ = and (Aq,uq) and (Ai,ui) are 
gauge-equivalent. □ 
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Proof of theorem 2.10 (i). Given a gauged holomorphic map (A, u) on P — > P(l, n), 
proposition 5.1 produces a complex gauge transformation e ls on P (that is smooth on 
C and continuous at oo). (Aq,uq) ■= e ts (A, u)\c is a finite energy vortex on C\Br. 
Next applying theorem 4.1, for any i > R, there is a complex gauge transformation 
§i € Wg' p (Bi, G) such that (Ai, Ui) := gi(Ao, uq) is a vortex on P>i. By modifying the 
gis by gauge transformations, if necessary, we may assume that (Ai,Ui) is smooth 
(by theorem 3.1 in [7]). Also, recall that E(Ai,m, P>i) < E(Aq,uq, Bi). 

Since {(Ai, Ui)} are a sequence of vortices on Bi, which exhaust C and they satisfy 
an energy bound, they converge modulo bubbling to a finite energy vortex (A^, Uqo) 
on C. i.e. By lemma 6.1, there is a subsequence of (Ai,Ui) (still denoted by the 
same subscripts), a sequence of gauge transformations ki € H^(B{) and a finite set 
ZCCso that ki(Ai,Ui) converges to (A»j^oo) m W l,p x W 2 ' P (K) for all compact 
sets K C C\Z. For ease of notation we absorb the gauge transformations ki into 
gi and assume that (Ai,Ui) converges to (-Aooj^oo) away from the bubbling set Z. 
Since (Axu^oo) has finite energy, $(v,oo(z)) — > as z — > oo. So, we may assume, by 
increasing R if necessary, that Uoq(C\Br) C X ss . Also, we can assume Z C Br and 
so for large i, Ui(C\Br) C X ss . In the next 3 paragraphs, we show that there is no 
bubbling. For this we focus our attention on i?2_R- 

Since there is no bubbling on B2r\Br and since Ui(B2R\Bji) C X ss for all 
i including i = oo, there is a sequence of complex gauge transformations g\ € 
W 2 ' p (B2r\Bji) such that <^(.Aj,itj) = (Ao^u^) on B2r\Br. We remark that such 
g[ exist because the action of G on X ss is locally free, but the choice of g[ may not 
be unique . 

Write g[ = k'^'i , where k[ : B 2 r\Br — > if and £• : i?2R — > We know itj — > Mqo 
in VF 2 ' p (-B2_r,\-B_rJ- By applying lemma 6.6 and corollary 6.7, there is a subsequence 
of g[ that converges to Id in W 2,p (B2r\Br) , and since (2) is a smooth function, 
$ -> in W 2 ' p CB 2 iA£ii)- Consider a cut-off function r/ : B 2 r\Br -> [0,1] that 
is 1 in the neighbourhood of dB2R and in the neighbourhood of Then, 
is a gauged holomorphic map on B2R that agrees with (A^, u^) close 
to the boundary. It satisfies F «,{<,. in L p (B2r), because F w.,. 

is non-zero only in B2r\Br. So, we also have F ir)( i — > in L p (B2r). By 

proposition 6.4, for large i, there exist G W 2 ' P (B2R, t), such that e 1 ^ e ir, ^(Ai,Ui) 
is a vortex. Proposition 6.4 also shows that — > in VK 2 ' p (i?2R)- 

We are now ready to show that Z = 0. Since ^ in VF 2 ' p (£?2,r) and 

Ai -»• in VP^CBzh), we get e<e^U; -> in W 1 '^!^)- By proposition 
6.5, for all i, e 1 ^ e 4 ^(^4j,iij) are in the same gauge orbit as each other. By standard 
elliptic regularity arguments (see [29, Lemma 4.3.4]) A^ is also in the same gauge 
orbit and if fcfe^'e^A = A^ for k'( e Vr 2 ' p (S 2jR ), then h ->> Id in W 2 ' p (B 2 r). 
ki ->■ Id_strongly in C 1 (5 2 r). So, ^ ->■ 3^ in C 1 (B 2 r), therefore = giU ->■ c^tio 
in C 1 {B2r). Since goo^o = ^oo, we have Z = 0. 

Since the action of G on A ss is locally free, for z £ C\Br we may define g>R(z) 
to be an element such that 500(^)^0 (-2) = u<x,{z), unique up to right multiplication 
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by an element of the finite stabilizer G uo r z y Given a choice of such g>R(z') for 
some z' G C\Br, this choice uniquely extends to g>n(z) for all z G C\Br. Since 
9oo(z)uo(z)u 00 (z) for z G B2R, this implies that goo extends uniquely to a complex 
gauge transformation on all of C satisfying #00^0 = Moo- In addition <?ooA) = Ax>- 
The reason for this is as follows: for x G X ss close to $ _1 (0), we have 

(13) t x n Jt x = 4>. 

Since Uoo(oo) G $ _1 (0), by increasing R, if necessary, we can assume that this 
condition is satisfied for all Uoo (c) for c G C\B R . Let 500A) - A oo — a. Since both 
(gAo^oo) and (A 

00 ) Uoq) are holomorphic, we have — 0. Write a, — a x dx + ciydy , 
a x , a y : C\Br — > t. Then, a x (u) + Ja y (u) = and by (13), a = on C\Br. 

We look at the regularity of c/oo- Using proposition D.2 in [34], we can modify 
goo by a gauge transformation in W^, so that g OQ (AQ,uo) is smooth. By applying 
lemma 6.8 in neighbourhoods in C, we conclude that g^ : C — > G is smooth. Write 
5oo = &ooe^°° • We assumed (^ch^o) to be a finite energy vortex on C\Br, which 
means lim,..^ uo(r, 6) G $~ 1 (0) for any 9. The same is true for also. This 
implies that £oo(?", 8) — > as r — >■ 00. 

We now have a complex gauge transformation e l ^°°e ls on P that is smooth on 
C and continuous at 00, we show that e l ^°°e %s G C/(-P) wc . Given the finite energy 
vortex e^° c e ls (A, u), theorem 2.10(h) gives g G G(P') W c so that #e^°° (A, u) is a 
smooth gauged holomorphic map on P' — > P(l,n). (The proof of part (ii) of the 
theorem is independent of part (i)). By using the arguments in the uniquess part of 
the proof of theorem 2.10(h), P 1 and P are isomorphic, so we assume P' = P. The 
proof of uniqueness in (ii) still applies if we weaken the assumption g±, g2 £ Q(P) we , 
and instead just assume that g±, 52 are smooth on C and extend continuously over 
00. So, ge^°°e ls € Q{P) is smooth. Since g G Q(P) we , the same is true for e^°°e ls 
also. That the vortex e l ^°°e ls (A, u) is unique up to gauge transformations, is proved 
separately in proposition 7.4 using theorem 2.10 (ii). □ 

Lemma 6.6, corollary 6.7 and lemma 6.8 were used in the proof of theorem 2.10 

(0- 

Lemma 6.6. Suppose Q, C C is compact and that the maps ut : — > X ss converge 
in W 2,p to Uoo : f2 — > X ss . Also, we are given gi : Q — >• G so that giUi = Uoq. Then, 
a subsequence of gi converges in W 2,p to g^ . 

Proof. Let x G X//G and y G -Kq 1 (x). We can find a slice at y, i.e. a locally closed 
G y -invariant submanifold V C X ss containing y and so that there is an isomorphism 
V Xc y G — > GV. So, V x G — > GV is a \G y (-cover. Suppose U C O is such 
that n 00 ([/) C V, Ui(U) C V for large i. O can be covered by a finite number of 
sets of the form of U. Fix a lift Uqo = (v 00, Goo) :U —> V x. G. Choose the lifts 
Hi = (vi,Gi) so that G^Gi = gi. Since ui — > Uoo, a subsequence of Ui converges in 
W 2,p . (This is because: G x V —> GV is a local diffeomorphism and has inverses 
locally. UiUi(U) C V is pre-compact, and in this set the derivatives of the inverse of 
GxV-j' GV are bounded.) So, Gi converges and consequently gi — > g^. Working 
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with the chosen cover of Q, by successively passing to subsequences, we obtain a 
limit <7oo on all of SI. □ 

Corollary 6.7. In the above lemma, stabilizes u^. So by replacing gi by g^gi, 
we can obtain a sequence of complex gauge transformations that converge to Id in 
W 2 ' p . 

Lemma 6.8. (Regularity of complex gauge transformations) Let Q be a compact 
Riemann surface and P — > Q be a principal K-bundle, and Pc := P Xk G a G- 
bundle. Suppose A 6 A(P) is a smooth connection and g 6 Q(P)2,p a- complex 
transformation such that gA is also smooth. Then g is smooth. 

Proof. We use the relation on Pc: d g A = g ° 9a g ■ a := gA — A is smooth and 

d g A -d A = a ' 1 = gd A (g~ 1 ) = -dAgg' 1 - 
Therefore aP^g = —dAg- The smoothness of g follows by elliptic bootstrapping. □ 

7. From vortices to holomorphic maps 

In this section, we prove theorem 2.10 (ii). The main tool used is the following 
result on the asymptotic behavior of a finite energy vortex (^4, u) on C. 

Proposition 7.1. (Exponential Decay for Vortices) Suppose G acts locally freely on 
X ss . Let n be a positive integer such that for any x £ X ss , the order of the stabilizer 
group \G X \ divides n. Let (A,u) be a finite energy vortex on C with target X. Then, 
for every e > 0, there is a constant C such that 

\F A (z)\ 2 + \d A u(z)\ 2 + Mu(z))\ 2 < C\z\- 2 -^, Vz G C\Bl 
The norms are taken with respect to the standard Euclidean metric on C. 

Ziltener [36] proves this result for n = 1, in appendix B, we explain how it 
generalizes to the case when X//G is an orbifold. The following are conclusions of 
proposition 7.1. (proofs in appendix B). 

Proposition 7.2. (Removal of singularity for vortices at infinity) Assume the setting 
of proposition 7.1. Then, there exist xq € ( I>~ 1 (0) and € C 1 ([0, 2tt], K) such that 

lim max d(xo, ko(9)u(re ie )) = 0. 

7--KX5 0e[O,27r] 

Suppose, the restriction of A in radial gauge to the circle {\z\ = r} ~ S 1 is d + ad9, 
for any < 7 < -, there is a c such that for r > 1, 

Ik^deko + a(r, -)| < cr" 7 . 
Necessarily, xq is fixed by ko(2ir), which is of finite order. 

Proof of theorem 2.10 (ii). Recall the notation = C\Br and T,r = C\B R i/ n is 
its n-cover with covering map zhz". The value of R will be fixed in the course of 
the proof. 
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First, we show that, after a gauge transformation, (A,u) := (A,u)(z n ), defined 
over C\{0}, extends in a weak sense to all of C. Note that we are working on the 
chart U\ ~ C from 2.6. To (A, it), apply the gauge transformation k(r,9) := k (n6) 
where ko is given by Proposition 7.2. Recall that ko was only defined on [0, 2tt], 
which can be extended as ko(9 + 2tt) = ko(2ir)ko(0). This way, k is a well-defined 
gauge transformation on C\{0}. By proposition 7.1, ku extends continuously over 
oo, with ku(oo) = xq. This makes u lie in W,' p (Ui). We claim that kA also extends 
to an LP connection over U {oo}. For this, we assume A is in radial gauge, so 
A = d + add. Then, 



f 1 \-(k^d0ko + a(r- n ,9))\Prdedr <c C 
K ' Jo Jo r Jo 



r ny P +i-P dr 



which is finite by choosing 7 > -(1 — -). 

Next, we show that for some small R, kA can be complex gauge-transformed to 

the trivial connection on Bp, <zU\. For < R < 1, let ap i : B\ — > Bp, denote the 

dilation function x 1— > Rx. Letting kA = d + a, we have a*^(kA) = d + Ra(R-). Now 

_ _ ~ ~ 1— 2 

\WUkA)\\ LP{Bl) = ||i?a(J?-)||if(Bi) =R p \\a\\LP(B A )- 

For some R € (0,1], ||o\~ A||£ P ( Bl ) is small enough that lemma 7.3 is applicable, 

which means that there is f G Wq' p (B & ) and k x € W 1 ' p (Bp,K) so that = 

and fae^kA = d. Pick fc x so that fci(0) = Id. We observe that a*(kA) = k (2n)A. 
By symmetry arguments similar to the proof of proposition 5.5, we see that £ocr n = 
Ad fc() (27r) £ and k± o cr n = fco(2vr)fcifco(27r) _1 . Putting everything together, we have 

<7*(jfeie^jfe) = fco(27r)jfcie^jfe. 

We find a complex gauge transformation g over C (U2 in the notation of 2.6) 
corresponding to k\e^k on £>^\{0} and show that g(A,u) extends to a smooth 
gauged holomorphic map on a bundle P -> P(l,n). Let A = A" 1 /™. Suppose 
A;o : [0, 2tt] — > A" is homotopic to the geodesic (->• e~ xe with /co(27r) = e~ 27rA . 
e nXe kie l ^k descends to a complex gauge transformation g on C\Br - it satisfies 
e nXe kie l ^k(z) = a(-jrr)- The map : C\Br — > G is homotopic to identity. This is 

because: on B^\{0} C f/i, both k~ l k\e l( -k and e nA6l fc are homotopic to identity. Let 
g t : C\Br — > G be a deformation of g to Id, i.e. go = Id and g\ = g. Let rj be a 
cut-off function on C\Br that vanishes in the neighbourhood of <9-B# and is 1 in the 
neighbourhood of 8B2R, then g^A, u) satisfies the conditions in proposition 5.7 - 
i.e. on C\i?2R, g^A = d + Xd9 and lim^oo e~ xe g v u(r, 6) = xq. So, g v {A, u) extends 
to a gauged holomorphic curve over P(l,n). g : C\Br — > G is smooth because both 
u and gu are smooth and u(C\Br) C -A ss , where G acts locally freely. So, g„ is 
smooth on C. It follows from the construction of kie l ^k that, g n {A,u) extends to a 
smooth gauged holomorphic map over P — > P(l, n) described by transition functions 
H = e ~ 2nX and r = e nXe . 
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This indeed proves the statement of the theorem. g v can be written as g v = e*k, 
where k € /C(C) and £ : C — >■ t are smooth. We claim that e~ l< ^ € Q(P) we , so that we 
can say that k(A,u) extends to a weak gauged holomorphic map over P — > P(l,n). 
Let C '■ Ui — > 6 be defined as ((z) = C(^r)- The complex gauge transformation e~ 1 ^ 
on U2 corresponds to e~ nX0 e~ lC - e nXe on B^, 2n C U\. By straightforward calulations, 
this is equal to k\e~ l ^k^ , which is in W 1,p (B^, 2n ). Since k(A, u) extends to a weak 
gauged holomorphic map over P, the same can be said about (A, u), since k just 
contributes to the choice of trivialization of P\c- 

Uniqueness: Given a finite energy vortex (A,u), the bundle P — > P(l,n) is 
determined uniquely by the path {9 € [0, ^E] i-)- fco(#)} up to homotopy and the 
action of Ad^ for k € K (see remark 5.6). k$ is determined using proposition 7.1, 
the choice of this equivalence class is unique because it has to satisfy the condition 

lim max d(xQ, ko(9)u(re l9 )) = 0, where xo = lim u(r, 0) € $ -1 (0). 

r->oo 6»G[0,27t] r-voo 

Now suppose 51,32 ^ Q{P)wc so that gi(A,u) is a smooth gauged holomorphic map 
on P. On Bj^ C f/i, gin, g<iu are smooth maps to X ss , where G acts locally freely. 
So, gx 92 is smooth in this region and hence g 1 ~ 1 g2 £ Q{P)- D 

The following lemma is used in the proof of theorem 2.10 (ii). 

Lemma 7.3. Zei ^4 = d + a be a connection on the trivial K-bundle over B\ C C 
so that a G L P {B\). There is a constant c\ such that if HoIIlp^) < c\, there is 

£ € W^OEM) safe/ym 5 F e » 5A = 0. 

Further, there is a gauge transformation k G W 1 ' P {B\,K) so that ke^A = d. k is 
unique up to left multiplication by a constant element in K. 

Proof. The proof is by implicit function theorem on the function 
T : Wl*{Bx,l) -> W-^{B x ,l), £ ^ *F elSA . 
The linearization at £ 

(14) DT(0 = d* ei , A d eiiA : W^ p (B 1 ,t) -> ^-^(Bi.e). 

We recall that W~ l > p = (W 1,p *)*, where W 1,p * is the subspace of W x > p * sections 
whose boundary trace vanishes, | + = 1 and the dual is taken under the L? 

pairing. The operator d*d : W^ v {B u l) -> W^iB^t) is an isomorphism (see 
theorem 4.7 in [31]). If A = d + a and a 6 L p , then 

(15) (d^d A - d*d)£ = *[a A *d£] + d*[a A £] + *[a A *[a A £]]. 

By the multiplication theorem (proposition A. 5), this is compact. In W 1,p , kerd^d^ 
consists of horizontal sections with respect to A, so W Q ' P n ker d^d.4 = {0}, so (14) 
is an isomorphism. By (15), (jd^d^ — d*d|| < c||a||i,p. If ||a||ip is small enough, 

||(d^d A )- 1 ||<2||(d*d)- 1 ||. 
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In the statement of the implicit function theorem (proposition A. 4), we take C := 
2||(d*d)- 1 ||. 

Similar to Step 2 in the proof of proposition 5.3, we can obtain a constant 5 > 
such that for < 5, 

\\D^-DM<^- 

By proposition A. 4, if 1 1 i*A 1 1 — l .p < gfji we get the result. This can be ensured if 
1 1 a 1 1 lp is small enough because by the multiplication theorem, 

||-Fa||-i, p < c(|H|lp + ||a|||p)- 

We next prove the second statement of the lemma. First note that a flat con- 
nection is gauge-equivalent to a connection that is smooth away from the boundary 
dB\. Indeed, this is proved in [30] (theorem 3.1) for a base manifold without bound- 
ary, but since we only want interior regularity, the proof is identical. We briefly 
outline this proof: For a smooth connection A, if we pick a smooth connection Aq 
close enough to A (in the LP norm), there is a gauge transformation k E W ,p that 
puts A in coulomb gauge with respect to Aq, that is, 

d* Ao (kA-A ) = 0. 

This is the content of the local slice theorem (theorem F') in [31]. Now, one has 
control over da and d*a, using elliptic bootstrapping as in [30], it can be shown that 
kA is smooth away from 8Br. Similar to the first statement in the lemma, here we 
rely on the ellipticity of A : Wq' p -> W~ 1 > p . 

Finally note that a smooth flat connection on a contractible set is gauge equivalent 
to the trivial connection. The uniqueness statement in the lemma is obvious because 
the trivial connection is preserved only by constant gauge transformations. □ 

The following is the last component in the proof of the main theorem 2.10. To 
state it, we assume the result of part (ii) of this theorem. 

Proposition 7.4. (At most one vortex in a complex gauge orbit) Suppose (Aq,uo) 
and (Ai,ui) are finite energy vortices on C that extend to a weak gauged holomorphic 
map over a bundle P — >• P(l,n). Suppose they are related by a complex gauge 
transformation g € Q(P) we . Then g is a unitary gauge transformation, i.e. g € 
K(P)we- 

Proof, g can be written as g = ke 1 ^, where k € )C(P) WC and £ G T(P(1, n), P({)) we . 
We can assume k = Id and (A\,ui) = e l ^(Ao,uo). The proof proceeds in the 
same way as the corresponding result for vortices on a compact Riemann surface 
(proposition 6.5). Let (A t ,u t ) := e lt ^(A, u) for t <E [0, 1]. We write 



(16) 



j I (*F At , Ut ,0= [ (d* At <lA t t + u* t d$(J(0u t ),0l 



JC r ^°° JdB r 
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However, for the above computation to make sense, we need to show that the terms 
l|dA t £|lL 2 (C) an< ^ Ic UJu t^^ u f J(Ou t ) are finite and the boundary term vanishes. 
Step 1: \\d At t\\i? < oo for t G [0, 1] . 

We work on the chart containing infinity - this is U\ from 2.6. Consider C U\, for 
some R > 0. We have Aq G L p (B^) and £ G W 1,p (.Bjj). Repeating the calculations 
in lemma 5.4 for different Sobolev spaces, we can say At — Aq G L p (B^). Since 

p > 2, \\dA t €\\L*(B k ) is finite. Let i? = (R)- l l n . The norms ||dA t £||i2(c\Bfl) an d 
II^Ai£||L2(_B^) are equal, so both are finite, and hence ||cU t £||L2 < oo for < t < 1. 

Step 2: J c w Ut ((£) Ut , J(e) Mt ) < oo /or t G [0, 1]. 

We use asymptotic decay of vortices (proposition 7.1) to obtain an asymptotic bound 
on |£|: fix an < e < ^, let 5 = — — e, then there is a constant c so that for z G C\.Bi, 

eA,u(^) < c|z|~ 2 ~ d . 

Since X//G is compact, there are constants c, e so that for any x G {|<3?| < e}, 

(17) c _1 (si, s 2 ) t < ((j?i)x, (^Wt^x < c(si,s 2 )t 

for si, S2 G £. As a consequence, there is a constant c such that for any x G $~ 1 (0) 
and s€t such that e 4S x G {|<&| < e}, 

c -1 |s| < \<&(e %s x)\ < c\s\. 

We assume R is large enough that uo(C\Br), ui(<C\Br) C {|$| < e}. Using asymp- 
totic decay of ||3>(iio)||£2 and ||$(ni)|| L 2, we conclude 

(18) \£(z)\ 2 < c\zr 2 ~ 5 . 

Since ut(C\Bji) C {|$| < e} for t = 0,1, by (17) and some straightforward calcu- 
lations, we can conclude the same for all t G [0,1]. The bound |£(z)| < c|z|~ 2 ~ d , 
together with (17), shows \oo Ut ((Outi J{£)m)( z )\ < c\z\~ 2 ~ 8 . Hence 

/ u Ut ((C)u t , J(0u t ) <oo, 0<t<l. 
Jc 

Step 3: lim™ f 9Br (d At ^0t for t G [0, 1]. 

In step 1, we showed that At is in L 2 (C\Br), but this isn't enough to say anything 
about At\oB r - We now obtain a C°-bound under suitable local trivializations of P. 
For this we cover C\Br by identical open sets : let S C C be an open set with 
smooth boundary such that 

[-|,|]x[-|,|]csc[-l,i]x[-l,l]. 

Then, {S + (x,y) : \x\, \y\ > R — 2} is a cover of C\Br. Let 5" (<= S' <e S 1 be such 
that their translates also cover C\Br. The quantity {d At ^,0t is gauge- invariant, so 
on each S + (x,y), we can choose a different trivialization to study it. We focus on 
a single set S xy := S + (x, y) and let r := \Jx 2 + y 2 . In the following discussion, 
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the constant c is independent of (x,y) and r. Fix a trivialization of P\s xy so that 
Aq = d + ao is in Uhlenbeck gauge i.e. 

(19) \\ao\\ w ^(s xy ) < 4 f ( a o)\\lp(s xv ) < c 

Under this trivialization, we write At = d + at. By applying a gauge transformation 
k : S xy — > K, we can put A\ in Uhlenbeck gauge - i.e. if kA\ = d + a\ then, 

(20) \\ai\\w^{s xy ) < c \\ F (Ai)\\ LP{ s xy ) < c 

Denote g = ke^, so gA$ = d + a\. As in the proof of lemma 6.8, we can write 
a 0,1 g = —9a 9i where a = a\ — ao- By elliptic regularity, 

WgWw^.pis'xy) < c (\\dg\\LP(s xy ) + \\g\\LP(s xy )) 

< c(\\ a0,1 9\\LP(S xy ) + Wa^ghpiSxy)) + clblUoc^)) 

There is a L°° bound on g from (18) and the fact that K is compact. Together 
with the bounds on a and ao (from (19) and (20)), this shows that ||o||vi/ 1 'P(5i !/ ) — c ' 
By applying elliptic regularity again, we can show ||o||v^ 2 .p(S4' ) ^ c - Since (2) is an 
isomorphism, 

(21) M\\w*,p(S» y ) < c 

Repeating the calculations in lemma 5.4 for different Sobolev spaces, we get 

IK - aoWwi-'PiSZy) < c - 

Together with the bound on ao, this uniformly bounds ||at||vK 1 .p(s , :Ey )- By Sobolev 
embedding \\at \\c (s xy ) < c for < i < 1. 

Consider the integral J dB (dyi t £, £){ . Partition the curve dB r at points xi, . . . , x n , 
so that the segments mo d n are i n a single S" y , 



/ <d,,«>, = £(/ w, e ,+y 

J Or> T i=l ^ 1 1 



The first term evaluates to X^(£( x i+i)> £( x «+i))t ~~ {€( x i)i€{ x i))t- By a change of 
trivialization {£,( x i),^{ x i))i is not altered because (•, •)* is Ad^-invariant. So, the 
first terms for all i sum to zero. The second term goes to zero as r — > oo because of 
the C° bound on at and the asymptotic bound on £ (18). 

Step 4: Finishing the proof. 

We have shown that the equation (16) is meaningful and the boundary term vanishes 
as r — > oo. So, 

d f 

j t J c (*F AtjUt ,O>0 

if £ ^ 0. Since Fa , uq = F A\,u\ = 0, this implies that £ = 0. □ 
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Appendix A. Some analytic results 

In this section, we collect some analytic results used in the proof. The first is a 
modification of a theorem of Calderon (see theorem V.3 p. 135 in [26]) which says 
that Id+A : W 2 > P (C,C) -> L P (C,C) is an isomorphism for p > 1. 

Proposition A.l. Let £ = C\B X . The operator Id+A : flf(E) ~^ 1,2 ( S ) is an 

isomorphism. 

Remark A.2. H] = {f £ H 2 : /| SE = 0}. To keep track of signs, we recall A = 
_^ - 



.f Ji + Ji) = d*d 



We give a proof of this variation so that it is easy to see how it applies to an 
n-cover of E as well, (see remark A. 3) 

Proof of proposition A.l. First, we show that Id +A : Hq — s> H~ l is an isomorphism. 
Recall that H~ l = (Hq)* via the L 2 -pairing. For any /, <7 G Hq 

((Id + A) f,g) L2 = (f,g) L 2 + (df,dg) L 2 = (f,g) H i 

So, (Id+A) : Hq —> (Hq)* is given by / h- > (/,•)#!• By the Riesz representation 
theorem, this is an isomorphism. 

Let / G L 2 (S) ^ H' 1 . Then, there is a g G ifg 1 so that (Id+A)g = /. By 
elliptic regularity on bounded sets, g G -ffj 2 c (£). It remains to bound g in H 2 (T?j. 
For this, we apply elliptic regularity on a collection of bounded sets that cover S. 
Let S C C be an open set with smooth boundary such that [— |, |] x [— |, |] CSC 
[-1, 1] x [-1, 1]. Let ft := 5 3 \Bi C C. Then, {S + (x, y) : \x\, \y\ > 2} U {0} is 
a cover of S. Pick < e < 0.1. Let := B 3 _ e \J5i. Let 5' C 5 be such that 
{S' + (x,y) : \y\ > 2,x,y G Z} U {fi'} is also a cover of £'. There is a constant 
eg 5' depending only on S, S' so that for any integers \y\ > 2, 



( 22 ) llfflltf 2 (S+(x,y)) < c S,S'(\\f\\L 2 (S+(x,y)) + IMIlf^S+Ca;,?/)))) 

Since g\ dBl = 0, 

(23) H#|lH 2 (n') < c n,n>(\\ f\\Li{n) + \\g\\m{n)), 
Adding (23) and (22) for all x, y G Z, we get 

II5||h 2 (e) < c(||/||l2(s) + \\g\\m(z)) < c' ||/||l 2 (s), 

where c, c' are independent of /. □ 

Remark A. 3. The above theorem still holds if X = C\B± is replaced by an isometric 
n-cover £ = {re* 9 : r > 1,0 G M/2n7rZ}. This is because the covering by S + (x,y) 
can be lifted to E. Then, all but a bounded part of E, can be covered by identical- 
looking sets. 



The other results presented here are very standard. The following is proposition 
A.3.4 in [20]. 
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Proposition A. 4. (Implicit function theorem) Let F : X — > Y be a differentiable 
map between Banach spaces. DF(0) is surjective and has a right inverse Q, with 
HQII < c. For all x € B s , \\DF(x) - DF(0)\\ < ±. If \\F(0)\\ < ±, then F(x) = 
has a solution in Bs- x is the unique solution in B$ satisfying x 6 ImQ. 

Proposition A. 5 (Sobolev multiplication). Let Q C R n , not necessarily compact. 
The multiplication operator 

w Si ' Pi (n) x w S2 > P2 (n) -> w S3 > P3 
(/, g) fg 

is bounded if s\ + S2 > 0, S3 < min(si,S2) and S3 — ^ < s\ — + S2 — j^. 
If £1 is compact, s\ + S2 > and S3 < max(si, S2), the operator is compact. 

Appendix B. Asymptotic decay for vortices for orbifold target 

Proposition 7.1 is a consequence of a decay result for vortices on a cylinder (propo- 
sition B.2) and a result about the limit behaviour of u as z — > 00 (proposition B.3). 

Definition B.l (Energy density). Suppose (A,u) is a vortex from the principal 
bundle P — > S to X. The energy density of (A,u) is 

e iA ,u)(z) := \ (\F A (z)\ 2 + \d A u(z)\ 2 + |*(u(z))| 2 ) 

for any z € S. The norms are defined in terms of the metric ws on S. 

Proposition B.2 (Decay for vortices on the half cylinder, [36], theorem 1.3). Let 
E be a half cylinder 

E := {(s,t) : s > 0,t G M/aZ} 
/or some a > ura£/i an admissible metric = X 2 ds A dt where A = A(s, t) is a 
positive function. Suppose G acts freely on X ss and (A, u) is a finite energy vortex 
from the trivial bundle E x K to X such that tt(E) is compact. Then, for every 
e > 0, there is a constant C such that 

Proposition B.3. Suppose (A, u) is a finite energy vortex on the half cylinder E 
(described in proposition B.2). Let ttq '■ X ss — > X//G denote the projection. Then, 
lim^oo ttg o u exists. 

Proof. The proof of proposition B.3 uses a combination of results from [36] and [20]. 
The main difficulty is that the action of G on A" ss is not free. [36] considers vortices 
where this action is free, ttq ou is a J-holomorphic curve on X//G, but we can't use 
the results of [20] directly because X//G has orbifold singularities. 

For the mean value inequality, we use lemma 3.3 in [36]. The proof of this result 
works when the acton of K on <3? -1 (0) is locally free. In the setting of proposition 
B.2, this gives : there exists a number so > \ such that for z = (s,t) G {s > so}, 
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e {A ,u){z) < —E((A,u),Bi_(z)). 
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Since E((A, u), X) is finite, the right side goes to as s — > oo. So, for large enough sq, 
Q(u(s, t)) is close enough to and so u(s, t) G X ss , and ug := ttg °u is well-defined 
and is a holomorphic curve on X//G. Also, 



Now, we switch to working on X// G to prove the result. For every p £ Xjj G, there 
is a neighbourhood U p and a uniformizing chart (V p , G p , it) such that V p C C m , G p is 
a finite group acting on U p and 7r : C/ p — >■ induces a homeomorphism from U p /G p 
to Vp (see [6]). Each f/ p has a G p -invariant symplectic form that descends to the 
symplectic form on X//G. X//G is compact, so it can be covered by a finite number of 
such neighbourhoods U±, . . . , Fix a constant 5$ > such that for any p G X//G, 
B p (5) C f/j for some i G {l,...,/c}. If the length of the loop 7 : S 1 ->• X/^G 
is less than <5o, it can be lifted to the cover in some uniformizing chart and the 
isoperimetric inequality (Theorem 4.4.1, [20]) can be applied. The rest of the proof 
can be completed in the same way as the proof of the removal of singularities result 
for J-holomorphic curves in [20] (theorem 4.1.2). We need the second paragraph of 
the proof of lemma 4.5.1 (this requires Stokes' theorem for orbifolds, which can be 
proved by passing to a cover locally using regularizing charts) , followed by the proof 
of theorem 4.1.2. Note that we we don't require holomorphic extension of ug over 
the singularity. □ 

Proposition 7.1 now follows in a straightforward way. 

Proof of proposition 7. 1 . Map <E\B\ to the half cylinder X setting a = 2tt and 
the change of coordinates X B z 1— > e z € C\B±. By proposition B.3, ug(oo) := 
lim s _ J . 00 ug(s, t) exists. Pick x € 7Tg 1 (nG , (oo)), and let S be a slice for the G-action 
at x. This means Gxq x S — > X ss is a diffeomorphism onto its image, tt : Gx S — > X ss 
is a |G x |-cover, equip G x S with ir*ux and tt*ojx- The left if -action is free and has 
moment map 7r*<3?. n divides G x , so for some large sq, tt(S s>So ) C GS and it lifts 
to u : S s>So — > G x S. Here S s>So = {(s,t) : s > so,t € M/27rnZ} is an ?i-cover of 
S S>SQ . Now, proposition B.2 can be applied to the lift (A,u) : T, S > SQ — > G x 5, and 
this proves proposition 7.1. □ 

Proof of proposition 7.2. We work in cylindrical co-ordinates. Map C\B\ to the 
half cylinder X = {(s,t) : s > 0,t G [0,27r)}, with change of coordinates X B z 1— >• 
e z G C\B±. The Euclidean metric on C\i?i pulls back to = e 2s dsdt on X. 
The connection A can be put in radial gauge, so that on X, A = d + a(s,t)dt. If 
Fa = fds A dt, then -S-a = f. By proposition 7.1, for any e > 0, there is a C so that 



(24) 




38 



S. VENUGOPALAN AND C. WOODWARD 



Fix an e < \. There exists G C°(R/2ttZ, t) so that 

\a(s,t) -aoo(t)\ < c e e(-^+2) s 
for all s, t. The bound on cl^u coming from proposition 7.1 can be written as 

ItT^I + I JU + a u\ < Ce (_2_ » + 3 ) s . 
as at 

The bound on \-§^u\ implies that lim^oo u(s, t) = Uooit), where Uqo E C°(5 1 ,X). 
Since itc°u has a limit at oo, Mqo maps to a single G-orbit. The decay of implies 
that Uqo maps to <£ _1 (0), and hence to a single if-orbit. Let fco : [0, 2ir] — )• K be such 
that /co(i)itoo(0) = Uoo(t). Observe that fco(2-7r) stabilizes itoo(0)- Finally, the bound 
on \-§iU + a u \ implies that Oqo = —k^dgko. This also means that fco £ C 1 (S' 1 ,t). □ 
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